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Exercise —1.1

Question 1:

Determine whether each of the following relations are reflexive, symmetric and
transitive:

(i)Relation R in the set 4 = {1, 2, 3...13, 14} defined as
R={(x,y):3x—y=0}

(i1) Relation R in the set N of natural numbers defined as
R={(x,py):y=x+5and x <4}

(111) Relation R in the set 4 = {1, 2, 3,4, 5, 6} as

R = {(x, y): y is divisible by x}

(iv) Relation R in the set Z of all integers defined as

R = {(x, y): x — y is as integer}

(v) Relation R in the set 4 of human beings in a town at a particular time given by
(a) R ={(x, y): x and y work at the same place}

(b) R={(x, y): x and y live in the same locality}

(¢) R={(x, y): x is exactly 7 cm taller than y}

(d) R = {(x, y): x is wife of y}

(e) R = {(x, y): x is father of y}

(1)A4={1,2,3... 13, 14}

R={(x,):3x -y =0}

~R=1{(1,3),(2,6),(3,9), (4, 12)}
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R is not reflexive since (1, 1), (2, 2) ... (14, 14) € R.

Also, R is not symmetric as (1, 3) €R, but (3, 1) € R. [3(3) — 1 #0]
Also, R is not transitive as (1, 3), (3, 9) €R, but (1, 9) € R.
[3(1)=9#0]

Hence, R is neither reflexive, nor symmetric, nor transitive.
(i) R={(x,y):y=x+5andx <4} ={(1,6),(2,7), (3, 8)}
It is seen that (1, 1) € R.

~R is not reflexive.

(1,6) €ER

But,

(1,6) € R.

~R is not symmetric.

Now, since there is no pair in R such that (x, y) and (y, z) €R, then (x, z) cannot belong to
R.

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.
(i) 4=1{1,2,3,4,5, 6}

R = {(x, y): y is divisible by x}

We know that any number (x) is divisible by itself.

= (x,x) ER

~R is reflexive.

Now,
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(2,4) €R [as 4 is divisible by 2]

But,

(4, 2) € R. [as 2 is not divisible by 4]

~R 1s not symmetric.

Let (x, y), (1, z) € R. Then, y is divisible by x and z is divisible by y.
~.z is divisible by x.

= (x,z) ER

~R 1is transitive.

Hence, R is reflexive and transitive but not symmetric.

(iv) R={(x, y): x — y is an integer}

Now, for every x € Z, (x, x) ER as x —x = 0 is an integer.
~R is reflexive.

Now, for every x, y € Z if (x, y) € R, then x — y is an integer.
= —(x — y) is also an integer.

= (y — x) 1s an integer.

~(,x)ER

~R 1s symmetric.

Now,

Let (x, y) and (y, z) €R, where x, y, z € Z.

= (x —y) and (y — z) are integers.

= x—z=(x—y)+ (y—z)Iis an integer.
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s (x,z) ER
~R is transitive.
Hence, R is reflexive, symmetric, and transitive.
(v) (@) R={(x, y): x and y work at the same place}
= (x,x) ER
~ R 1s reflexive.
If (x, y) € R, then x and y work at the same place.
= y and x work at the same place.
= (y,x) ER.
~R is symmetric.
Now, let (x, »), (v, z) ER
= x and y work at the same place and y and z work at the same place.
= x and z work at the same place.
= (x,z) ER
~ R 1s transitive.
Hence, R is reflexive, symmetric, and transitive.
(b) R = {(x, y): x and y live in the same locality}
Clearly (x, x) € R as x and x is the same human being.
= R 1s reflexive.
If (x, ) €R, then x and y live in the same locality.

= y and x live in the same locality.
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= (y,x) ER

~R is symmetric.

Now, let (x, y) € R and (y, z) € R.

= x and y live in the same locality and y and z live in the same locality.
= x and z live in the same locality.

= (x,z) ER

~ R is transitive.

Hence, R is reflexive, symmetric, and transitive.

(c) R = {(x, y): x is exactly 7 cm taller than y}

Now,

(x,x) &€ R

Since human being x cannot be taller than himself.

~R is not reflexive.

Now, let (x, y) ER.

= x 1s exactly 7 cm taller than y.

Then, y is not taller than x.

-~ (v, x) €R

Indeed if x is exactly 7 cm taller than y, then y is exactly 7 cm shorter than x.
~R 1s not symmetric.

Now,

Let (x, y), (v, z) € R.
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= x is exactly 7 cm taller than y and y is exactly 7 cm taller than z.

= x is exactly 14 cm taller than z .

~(x,z) €R

~ R 1s not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.
(d) R = {(x, y): x 1s the wife of y}

Now,

(x,x) € R

Since x cannot be the wife of herself.

~R is not reflexive.

Now, let (x, y) ER

= x is the wife of y.

Clearly y is not the wife of x.

~(r,x) &R

Indeed if x is the wife of y, then y is the husband of x.

~ R 1s not transitive.

Let (x,y), (y,2) ER

= x is the wife of y and y is the wife of z.

This case is not possible. Also, this does not imply that x is the wife of z.
~(x,z) € R

~R is not transitive.
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Hence, R is neither reflexive, nor symmetric, nor transitive.

(e) R = {(x, y): x is the father of y}
(x,x) € R

As x cannot be the father of himself.
~R 1is not reflexive.

Now, let (x, y) €R.

= x is the father of y.

= y cannot be the father of y.

Indeed, y is the son or the daughter of y.
~(r,x) € R

~ R is not symmetric.

Now, let (x, v) € R and (y, z) € R.

= x is the father of y and y is the father of z.
= x is not the father of z.

Indeed x is the grandfather of z.

s~ (x,z) € R

~R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 2:
Show that the relation R in the set R of real numbers, defined as

R = {(a, b): a < b*} is neither reflexive nor symmetric nor transitive.
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R = {(a, b): a< b’}

[1 ] .1 [II |
—, — |€R, since — = > =7
It can be observed that L2 2 2 \2 4

~R is not reflexive.
Now, (1,4) ERas 1 <4
But, 4 is not less than 12
~(4,1)gR

~R 1s not symmetric.
Now,

(3,2),(2,1.5)eR
(as3<2*=4and 2 < (1.5)=2.25)
But, 3> (1.5)2=2.25
~(3,15) &R

~ R is not transitive.

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 3:

Check whether the relation R defined in the set {1, 2, 3,4, 5, 6} as
R = {(a, b): b=a + 1} is reflexive, symmetric or transitive.
Let4={1,2,3,4,5,6}.

A relation R is defined on set 4 as:

R={(a,b):b=a+ 1}

~R=1{(1,2),(2,3),3,4),4,5), (5 6)}
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We can find (a, @) € R, where a € A.

For instance,
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6) € R

~R is not reflexive.

It can be observed that (1, 2) € R, but (2, 1) € R.
~R is not symmetric.

Now, (1,2),(2,3) €ER

But,

(1,3) ¢ R

~R is not transitive

Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 4:

Show that the relation R in R defined as R = {(a, b): a < b}, is reflexive and transitive but
not symmetric.

R = {(a, b); a < b}

Clearly (a, a) € Rasa=a.

~R is reflexive.

Now,

(2,4)eR(as2<4)

But, (4, 2) € R as 4 is greater than 2.
~ R 1s not symmetric.

Now, let (a, b), (b, c) € R.
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Then,
a<bandb<c
> a<c

= (a,c) ER
~R is transitive.

Hence,R is reflexive and transitive but not symmetric.

Question 5:

Check whether the relation R in R defined as R = {(a, b): a < b*} is reflexive, symmetric
or transitive.

R={(a, b): a <b*}

(1 1] I (l]} 1
—, —|gRas —=| = | =—.
It is observed that \ 2 2 2 \2) &8

~ R is not reflexive.
Now,

(1,2)eR(as 1 <2°=18)
But,

(2,1)gR (as2°>1)

~ R is not symmetric.

- PRt 3
[3, ij, (i, 2]&1{&3{[3) andgi[g] .
We have 2 2 5 2 2 L5
(3, E)ERE&SS}[E] .
But 5 3

~ R is not transitive.
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Hence, R is neither reflexive, nor symmetric, nor transitive.

Question 6:

Show that the relation R in the set {1, 2, 3} given by R = {(1, 2), (2, 1)} is symmetric but
neither reflexive nor transitive.

Let A4 = {1, 2, 3}.

A relation R on 4 is defined as R = {(1, 2), (2, 1)}.

It is seen that (1, 1), (2, 2), (3, 3) €R.

~ R 1s not reflexive.

Now, as (1, 2) € Rand (2, 1) € R, then R is symmetric.
Now, (1,2)and (2, 1) ER

However,

(1,1) &R

~ R is not transitive.

Hence, R is symmetric but neither reflexive nor transitive.

Question 7:

Show that the relation R in the set 4 of all the books in a library of a college, given by R
= {(x, y): xand y have same number of pages} is an equivalence relation.

Set A is the set of all books in the library of a college.

R = {x, y): x and y have the same number of pages}

Now, R is reflexive since (x, x) € R as x and x has the same number of pages.
Let (x, ¥) € R = x and y have the same number of pages.

= y and x have the same number of pages.
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= (y,x) ER
~R is symmetric.
Now, let (x, y) ER and (y, z) € R.

= x and y and have the same number of pages and y and z have the same number of
pages.

= x and z have the same number of pages.
= (x,z) ER
~R 1is transitive.

Hence, R is an equivalence relation.
Question 8:

Show that the relation R in the set 4 = {1, 2, 3, 4, 5} given by

R= {[a’ b): |” _h| 'S even} , 1s an equivalence relation. Show that all the elements of {1, 3,

5} are related to each other and all the elements of {2, 4} are related to each other. But no
element of {1, 3, 5} is related to any element of 2, 4}.

A=1{1,2,3,4,5}

R={[a, b):la—#| is Even}

ja—a=0 (which is even).

It is clear that for any element a €4, we have
~R 1s reflexive.

Let (a, b) € R.

— |a - hliﬁ even,
= |—(a— b}| =|b—alis also even.

= (b, a)eR
~R 1s symmetric.
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Now, let (a, b) € R and (b, ¢) € R.

= |a—b] is even and |b—c¢| is even.
={a—b) isevenand (b—c) is even.
= (a-c)=(a-b)+(b-c) iseven. |Sum of two even integers is even|

= |a—c 1S even.

= (a,c) ER

~R is transitive.

Hence, R is an equivalence relation.

Now, all elements of the set {1, 2, 3} are related to each other as all the elements of this
subset are odd. Thus, the modulus of the difference between any two elements will be
even.

Similarly, all elements of the set {2, 4} are related to each other as all the elements of this
subset are even.

Also, no element of the subset {1, 3, 5} can be related to any element of {2, 4} as all
elements of {1, 3, 5} are odd and all elements of {2, 4} are even. Thus, the modulus of
the difference between the two elements (from each of these two subsets) will not be
even.

Question 9:

A={xeZ:0<x<12}

Show that each of the relation R in the set , given by

(1) R= {{ﬂ, f’]5|ﬂ —bh|is a multiple ut‘4}
(11) R = '{{H‘, ill} = .f}}

is an equivalence relation. Find the set of all elements related to 1 in each case.

A={xeZ:0<x<12}={0,1,2,3,4,5,6,7,8,9,10,11. 12}

(i) R =1(a b):Ja—blis a multiple of 4}
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For any element a €A, we have (a, a) € R as a~a|=0

1s a multiple of 4.
~R is reflexive.

Now, let (¢, b) € R = @]

1s a multiple of 4.
= |-(@—b)|=|b—a| is a multiple of 4.

= (b,a) ER

~R 1s symmetric.

Now, let (a, b), (b, c) € R.

=>|a—b| is a multiple of 4 and |b—¢| is a multiple of 4.
= (a—b) is a multiple of 4 and (b—c) is a multiple of 4.
=»(a-c)=(a-hb)+(b—-c) is a multiple of 4.

= |a—¢| is a multiple of 4.

= (a, c) ER

~ R is transitive.

Hence, R is an equivalence relation.

The set of elements related to 1 is {1, 5, 9} since

1-1|=0is a multiple of 4,
5-1|=4 is a multiple of4,and

9—1|=8 is a multiple of 4.
(i) R = {(a, b): a = b}
For any element a €A, we have (a, a) € R, since a = a.

~R is reflexive.

Now, let (a, b) € R.
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= (b,a) €ER

~R 1s symmetric.

Now, let (a, b) € R and (b, c) € R.
s>a=bandb=c

=Sa=c

= (a,c) ER

~ R is transitive.

Hence, R is an equivalence relation.

The elements in R that are related to 1 will be those elements from set A which are equal
to 1.

Hence, the set of elements related to 1 is {1}.

Question 10:

Given an example of a relation. Which is

(1) Symmetric but neither reflexive nor transitive.
(i1) Transitive but neither reflexive nor symmetric.
(ii1) Reflexive and symmetric but not transitive.
(iv) Reflexive and transitive but not symmetric.
(v) Symmetric and transitive but not reflexive.

(i) Let A= {5,6,7}.

Define a relation R on 4 as R = {(5, 6), (6, 5)}.
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Relation R is not reflexive as (5, 5), (6, 6), (7, 7) € R.

Now, as (5, 6) € R and also (6, 5) € R, R is symmetric.
=(5,6), (6,5 €R,but (5,5 &R

~R is not transitive.

Hence, relation R is symmetric but not reflexive or transitive.
(i1)Consider a relation R in R defined as:

R ={(a, b): a < b}

For any a € R, we have (a, a) € R since a cannot be strictly less than a itself. In
fact, a = a.

= R is not reflexive.

Now,

(1,2)ER(as 1 <2)

But, 2 is not less than 1.
~(2,1)€R

~ R is not symmetric.
Now, let (a, b), (b, c) € R.
=sa<bandb<c
>a<c

= (a,c) ER

~R 1is transitive.

Hence, relation R is transitive but not reflexive and symmetric.

(iii)Let 4 = {4, 6, 8}.
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Define a relation R on A as:

A4=1{(4,4),(6,06), (8, 8),(4,6),(6,4), (6, 8), (8, 6)}

Relation R is reflexive since for every a € 4, (a, a) €R i.e., (4, 4), (6, 6), (8, 8)} € R.
Relation R is symmetric since (a, b)) € R = (b, a) € R for all a, b € R.
Relation R is not transitive since (4, 6), (6, 8) € R, but (4, 8) € R.
Hence, relation R is reflexive and symmetric but not transitive.

(iv) Define a relation R in R as:

R ={a, b): &> b}

Clearly (a, a) € Ras @’ = @’

~R is reflexive.

Now,

(2,1)eR(as 2> 1)

But,

(1,2) € R (as 1° < 2%)

~ R 1s not symmetric.

Now,

Let (a, b), (b, ¢) ER.

> a>band b*> ¢

>az=zc

= (a,c) ER

~R is transitive.
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Hence, relation R is reflexive and transitive but not symmetric.

(v) Let 4 = {—5, —6}.

Define a relation R on 4 as:

R ={(=5,-6), (-6, =5), (=5, =5)}

Relation R is not reflexive as (—6, —6) € R.

Relation R is symmetric as (—5, —6) € R and (=6, =5} €R.
It is seen that (—5, —6), (=6, —5) € R. Also, (-5, —5) € R.
~The relation R is transitive.

Hence, relation R is symmetric and transitive but not reflexive.

Question 11:

Show that the relation R in the set 4 of points in a plane given by R = {(P, Q): distance of
the point P from the origin is same as the distance of the point Q from the origin}, is an
equivalence relation. Further, show that the set of all point related to a point P # (0, 0) is
the circle passing through P with origin as centre.

R = {(P, Q): distance of point P from the origin is the same as the distance of point Q
from the origin}

Clearly, (P, P) € R since the distance of point P from the origin is always the same as the
distance of the same point P from the origin.

~R is reflexive.
Now,

Let (P, Q) € R.

= The distance of point P from the origin is the same as the distance of point Q from the
origin.

= The distance of point Q from the origin is the same as the distance of point P from the
origin.
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= (Q,P)ER
~R is symmetric.
Now,

Let (P, Q), (Q,S) ER.

= The distance of points P and Q from the origin is the same and also, the distance of
points Q and S from the origin is the same.

= The distance of points P and S from the origin is the same.
= (P,S)eER

~R is transitive.

Therefore, R is an equivalence relation.

The set of all points related to P # (0, 0) will be those points whose distance from the
origin is the same as the distance of point P from the origin.

In other words, if O (0, 0) is the origin and OP = £, then the set of all points related to P is
at a distance of k from the origin.

Hence, this set of points forms a circle with the centre as the origin and this circle passes
through point P.

Question 12:

Show that the relation R defined in the set A of all triangles as R = {(7\, T5): T, is similar
to 7.}, is equivalence relation. Consider three right angle triangles 7, with sides 3, 4,

5, T, with sides 5, 12, 13 and 7, with sides 6, 8, 10. Which triangles

among T, T, and T are related?

R ={(T, T,): T, is similar to T}
R is reflexive since every triangle is similar to itself.
Further, if (T}, T,) € R, then T is similar to 7,

= T, is similar to 7,
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= (T, T) €ER

~R is symmetric.

Now,

Let (T, To), (T, T;) € R.

= T, is similar to 7, and 7, is similar to 7;
= T, is similar to 7}

= (T, T;)) ER

~ R 1s transitive.

Thus, R is an equivalence relation.

Now, we can observe that:

2.4_5 =l]
6 8 10\ 2

~The corresponding sides of triangles 7, and 7; are in the same ratio.
Then, triangle 7, is similar to triangle 7;

Hence, T, is related to 7.

Question 13:

Show that the relation R defined in the set 4 of all polygons as R =
{(P,, P,): P, and P, have same number of sides}, is an equivalence relation. What is the
set of all elements in 4 related to the right angle triangle 7 with sides 3, 4 and 5?

R = {(P,, P,): P, and P, have same the number of sides}

R is reflexive since (P,, P,) € R as the same polygon has the same number of sides with
itself.

Let (P, P, € R.
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= P, and P, have the same number of sides.

= P, and P, have the same number of sides.
= (P, P)€ER

~R 1s symmetric.

Now,

Let (P, P,), (P,, P;) € R.

= P, and P, have the same number of sides. Also, P, and P, have the same number of
sides.

= P, and P, have the same number of sides.
= (P, P,)€ER

~R 1s transitive.

Hence, R is an equivalence relation.

The elements in A related to the right-angled triangle (7) with sides 3, 4, and 5 are those
polygons which have 3 sides (since 7'is a polygon with 3 sides).

Hence, the set of all elements in A related to triangle 7 is the set of all triangles.

Question 14:

Let L be the set of all lines in XY plane and R be the relation in L defined as R =
{(L,, L,): L, 1s parallel to L,}. Show that R is an equivalence relation. Find the set of all
lines related to the line y = 2x + 4.

R={(L, L,): L, is parallel to L,}
R is reflexive as any line L, is parallel to itself i.e., (L,, L,) € R.
Now,

Let (L, L) € R.
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= L, is parallel to L,

= L, is parallel to L,

= (L,L)ER

~ R is symmetric.

Now,

Let (L), L,), (L,, L;) €R.

= L, is parallel to L,. Also, L, 1s parallel to L,
= L, is parallel to L,

~R is transitive.

Hence, R is an equivalence relation.

The set of all lines related to the line y = 2x + 4 is the set of all lines that are parallel to
the liney = 2x + 4.

Slope of line y=2x +4ism=2
It is known that parallel lines have the same slopes.
The line parallel to the given line is of the form y = 2x + ¢, where ¢ ER.

Hence, the set of all lines related to the given line is given by y = 2x + ¢, where ¢ € R.

Question 15:

Let R be the relation in the set {1, 2, 3, 4} given by R = {(1, 2), (2, 2), (1, 1), (4, 4), (1,
3), (3, 3), (3, 2)}. Choose the correct answer.

(A) R is reflexive and symmetric but not transitive.
(B) R is reflexive and transitive but not symmetric.

(C) R is symmetric and transitive but not reflexive.
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(D) R is an equivalence relation.
R=1{(1,2),(2,2),(1,1),(4,4),(1,3),(3,3),3,2)}
It is seen that (a, a) € R, for every a €{1, 2, 3, 4}.
~ R 1s reflexive.
It is seen that (1,2) € R, but (2, 1) € R.
~R is not symmetric.
Also, it is observed that (a, b), (b, c) ER = (a,c) € R forall a, b, c € {1, 2, 3, 4}.
~ R 1s transitive.
Hence, R is reflexive and transitive but not symmetric.

The correct answer is B.

Question 16:

Let R be the relation in the set N given by R = {(a, b): a=b —2, b > 6}. Choose the
correct answer.

(A)(2,9)eRB)(3,8)eR((C)(6,8)eR(D)(8,7) €ER
R={(a,b):a=b—-2,b> 6}

Now, since b > 6, (2,4) € R

Also,as3#8—-2,(3,8) R

And,as 8 #7 — 2

S (8, 7)&R

Now, consider (6, 8).

We have 8 > 6 and also, 6 =8 — 2.

~(6,8) ER
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The correct answer 1s C.

Exercise — 1.2 w

Question 1:

xl=
Show that the function £: R. — R. defined by X is one-one and onto, where R. is
the set of all non-zero real numbers. Is the result true, if the domain R. is replaced
by N with co-domain being same as R.?

flx :
It is given that /i R. — R. is defined by { X

One-one:

= —=—
X v
—x=y

~f'1s one-one.

Onto:

] .
x=—eR, (Existsasy=0)
It is clear that for y€ R., there exists ¥ such that

~f1s onto.
Thus, the given function (f) is one-one and onto.

Now, consider function g: N — R.defined by

.E{*']'=I-
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We have,

| 1
g{xl]:g{rz}:}—: =X =X
XX

~.g is one-one.

Further, it is clear that g is not onto as for 1.2 €R. there does not exit any x in N such
1

that g(x)=1.2 .

Hence, function g is one-one but not onto.

Question 2:
Check the injectivity and surjectivity of the following functions:
(1) £ N — N given by f(x) = x?
(1) f: Z — Z given by fix) = x*
(111) £ R — R given by f(x) = x
(1iv) i N — N given by f(x) = x°
(V) f: Z — Z given by f{x) =x°
(1) : N — N is given by,
fix)=x2
It is seen that for x, y EN, fix) =fy) = x> =)y > x = .
~f1s injective.
Now, 2 € N. But, there does not exist any x in N such that f{x) = x> = 2.
= f1s not surjective.
Hence, function fis injective but not surjective.

(11) f: Z — Z 1s given by,
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fix) =x?

It is seen that f{—1) =f(1) =1, but —1 # 1.

=~ f1s not injective.

Now,—2 € Z. But, there does not exist any element x €Z such that f{x) = x> = —2.
=~ f1s not surjective.

Hence, function fis neither injective nor surjective.

(i11) £: R — R is given by,

fio) =

It is seen that f(—1)=f(1) =1, but —1 # 1.

=~ fis not injective.

Now,—2 € R. But, there does not exist any element x € R such that f{x) = x> = 2.
=~ fis not surjective.

Hence, function f'is neither injective nor surjective.

(iv) f: N — N given by,

fx)=x°

It is seen that for x, y EN, fix) =f(y) = ¥ =y =2 x=)y.

~f1s injective.

Now, 2 € N. But, there does not exist any element x in domain N such that f{x) = x* = 2.
= f1s not surjective

Hence, function fis injective but not surjective.

(v) f: Z — Zis given by,
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fix) =

Itis seen that forx, y € Z, fix) =f(y) > ¥ =y’ =>x=).

=~ f1is injective.

Now, 2 € Z. But, there does not exist any element x in domain Z such that f{x) = x* = 2.
=~ f1s not surjective.

Hence, function fis injective but not surjective.

Question 3:

Prove that the Greatest Integer Function f: R — R given by f(x) = [x], is neither one-once
nor onto, where [x] denotes the greatest integer less than or equal to x.

f: R — Ris given by,

S = [x]

It is seen that (1.2) =[1.2] =1, (1.9)=[1.9] = 1.
S f1.2)=£1.9),but 1.2 #1.9.

= fis not one-one.

Now, consider 0.7 € R.

It is known that f{x) = [x] is always an integer. Thus, there does not exist any
element x € Rsuch that f{x) = 0.7.

=~ f1is not onto.
Hence, the greatest integer function is neither one-one nor onto.

Question 4:

Show that the Modulus Function /i R — R given by S (x) = , 1s neither one-one nor

x| . . . .. x| . . . .
onto, where | | 1s x, if x is positive or 0 and | | 1s — x, if x is negative.
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f: R— Ris given by,

. x, ifxz0
/ {I}:|I|:{-x, ifx<0

It is seen that S(=D)=-] :l,f{1j=|1|:l.

~f(—=1)=f1), but —1 # 1.
= f'is not one-one.

Now, consider —1 € R.

It is known that f(x) = o is always non-negative. Thus, there does not exist any

element x in domain R such that f(x) = x| = —1.
=~ f1s not onto.

Hence, the modulus function is neither one-one nor onto.

Question 5:

Show that the Signum Function /i R — R, given by

1, ifx=0
f(x)=40, ifx=0
-1, ifx<0

1s neither one-one nor onto.

f: R— Riis given by,

1, ifx=0
f(x)=40, ifx=0
—1, ifx<0

It is seen that (1) = f(2) =1, but 1 # 2.

~f1s not one-one.
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Now, as f(x) takes only 3 values (1, 0, or —1) for the element —2 in co-domain R, there
does not exist any x in domain R such that f{x) = —2.

=~ fis not onto.

Hence, the signum function is neither one-one nor onto.

Question 6:

LetA=1{1,2,3},B=1{4,5,6,7} and let f= {(1, 4), (2, 5), (3, 6)} be a function
from 4 to B. Show that f'is one-one.

Itis given that 4 = {1,2,3}, B={4,5,6, 7}.

fi A — Bisdefined as /= {(1, 4), (2, 5), (3, 6)}.
~f()=4,1(2)=5703)=6

It is seen that the images of distinct elements of 4 under f are distinct.

Hence, function f'is one-one.

Question 7:

In each of the following cases, state whether the function is one-one, onto or bijective.
Justify your answer.

(1) £ R — R defined by fix) =3 — 4x
(11) £ R — R defined by fix) =1+ x2
(1) f: R — R is defined as f(x) = 3 — 4x.

Let x,, x, € Rsuch that f (x,) = f(x,)

= 3—4x =3-4x,

= —dx =-4x,
=X =X,
=~ f1s one-one.
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-y

For any real number (y) in R, there exists 4 in R such that

S(32)s-)

~f1s onto.
Hence, f'is bijective.
(i1) f: R — R is defined as

Fx) =140
Let x,, x, € Rsuch that f (x,) = f(x,)

2 2

= 1+x =1+x
" ,

=X, =X

= X :ix:

2T (0) =7 (%) does not imply that 1 =¥

For instance,

= f1s not one-one.
Consider an element —2 in co-domain R.

fx)=1+x

It is seen that - s positive for all x € R.
Thus, there does not exist any x in domain R such that f{x) = 2.

= f1s not onto.

Hence, f'is neither one-one nor onto.

Question 8:
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Let 4 and B be sets. Show that f: 4 X B — B % A such that (a, b) = (b, a) is bijective
function.

fi A x B— B x Ais defined as f(a, b) = (b, a).

Let (a, b ). (a,, b,)e AxBsuchthat /(a. b )= f(a,, bg}.

= (b, @)=(b,, a,)
= b =b, and g, = q,
=(a, b)=(a,, b,)

= f'is one-one.
Now, let (b, a) € B x A be any element.
Then, there exists (a, b) €4 x B such that f(a, b) = (b, a). [ By definition of /]
=~ f1s onto.
Hence, f'is bijective.
Question 9:
"L e is odd
2

fn)= for all ne N.
if n is even

Let f: N — N be defined by
State whether the function f is bijective. Justify your answer.

241 s odd
f(n)= 2 for all n e N.
if 1 15 even

f: N — N is defined as

It can be observed that:

1+1

f(1)="r=tandf(2)=

k2 | B2

=1 [By definition of /]
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S f(1)=£(2), where 1#2.

=~ f'is not one-one.
Consider a natural number (7) in co-domain N.
Case I: n is odd

~n=2r+ 1 for some » € N. Then, there exists 47 + 1€EN such that

f{““l]:drri;ll:zﬂl

Case II: n 1s even

f[ﬁlr]: —=2r
~n = 2r for some r € N. Then,there exists 47 €N such that 2 .

=~ fis onto.

Hence, fis not a bijective function.

Question 10:
Let A=R— {3} and B=R — {1}. Consider the function f: A — B defined by

f{.f}:[jj

A=R-{3},B=R- {1}

] . Is f one-one and onto? Justify your answer.

(x :[x—zj
f:A—»Bisdeﬁnedas' x=3/

Let x, y € A such that f(x) = f(}"}_
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x—-2 y-2
x=3 y-3
= (x-2)(y-3)=(r-2)(x-3)
= xy=3x-2y+6=xy-3y-2x+6
= -3x-2y=-3y-2x
= 3x-2x=3y-2y

:}.‘(':}'
=~ f1s one-one.
Lety eEB=R— {1}. Then, y # 1.

The function f'is onto if there exists x €A such that f(x) = y.

Now,
f(x)=»
x=2
= =y
r—3 !
= x-2=xv-3y
= x(1-y)=-3y+2
T _ T
=5 x=— B'VEA [_vil]
-y
2_3'PEA
Thus, for any y € B, there exists | ~¥ such that
(2. 3y 2
.2—3'L k -y J 2-3y-242y -y
J’r - \ - —_—_]r".
]—y,. -3y 2-3y-3+3y -l
l-w J

- f is onto.

Hence, function f'is one-one and onto.

Question 11:

Let f R — R be defined as f{x) = x*. Choose the correct answer.

www.Kulbhushan.freevar.com

Created By Kulbhushan



EDUCATION CENTRE
Where You Get Complete Knowledge
(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D) f'is neither one-one nor onto

' -
f: R — Ris defined as J (~“}— X
Let x, y € R such that f{x) = f(y).

=yt =y
—x=xy

f(x)=1(x)

does not imply that *1 =¥z .

For instance,

= f1s not one-one.

Consider an element 2 in co-domain R. It is clear that there does not exist any x in
domain Rsuch that f{x) = 2.

=~ f1s not onto.
Hence, function f'is neither one-one nor onto.

The correct answer is D.

Question 12:

Let f: R — R be defined as f{x) = 3x. Choose the correct answer.
(A) fis one-one onto (B) fis many-one onto

(C) fis one-one but not onto (D) fis neither one-one nor onto

f: R — R is defined as f{x) = 3x.

Let x, y € R such that f{x) = f(y).

= 3x=3y
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~f'1s one-one.

'L:l

Also, for any real number (y) in co-domain R, there exists 3 in R such that
5)(5)

~f1s onto.

Hence, function f'is one-one and onto.

The correct answer is A.

Exercise — 1.3

Question 1:

Letf: {1,3,4} — {1,2,5}and g: {1, 2,5} — {1, 3} be given by /= {(1, 2), (3, 5), (4,
1)} and g = {(1, 3), (2, 3), (5, 1)}. Write down gof.

The functions f: {1, 3,4} — {1,2,5} and g: {1, 2,5} — {1, 3} are defined as

f=1(1,2),3,35), (4, D} and g = {(1, 3), (2, 3), 5, D}.

gof (1)=g(/(1))= 2(2)=3 [ /(1)=2andg(2)=3]
gof (3)=g(/(3))=¢ (5 = [ f(3)=5andg(5)=1]
gof (4)=g (£ (4)) = 2 (1) - [/(4)=1andg(1)=3]
- gof ={(1.3).(3.1) {4 )r

Question 2:

Let f, g and % be functions from R to R. Show that

(f+g)oh= foh+ goh
(f-g)oh=(foh)-goh)

To prove:
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{j'+g]oﬁ = foh+ goh

Consider:

(7 +£)oh)(x)

~(1+8)(h())

=/ (h(x))+ g (h(x))

— (foh)(x) + (30h)(x)

- {(oh)+(goh)}(+)

({_f'+g]oh}(x) = {(_fr'ah] +{goh)}[x) YyxeR
Hence, ( f +g)oh= foh+ goh.

To prove:

(f-g)oh=(foh)-(goh)

Consider:
((f-g)oh)(x)
=(f-g)(h(x))
= f(h(x))-g(h(x))
— (o) (x)(20) ()
= |(foh).(goh)j(x)
(- g)oh)(x)=1{( foh).(goh)}(x) ¥xeR
Hence, ( f-g)oh=( foh)-(goh).

Question 3:
Find gof'and fog, if

) f(x)=|x| and g (x)=[5x-2|

(ify /() =82 and g (x) = x°

Q) f(x)=|x| and g(x)=[5x-2|
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~(gof )(x) =g (/ (x)) =g (|x]) =|3]x-2]
(fog)(x)=f(g(x))= £ (|5x-2]) = |55 -2] =[sx -2

(ii) S(x)=8x"and g(x)=x

w(20f)(x) =g (£ (x)) =2 (8+") = (8x")* = 2x

{ﬁw){x}=f(gm:r=f[x1]=a[xijzgx

Question 4:
dx+3
f{-rllz{.r-l-d}ax;t% _T;.gg
If (6x-4) , show that fo fix) =x, forall 3. What is the inverse of /?
o (4x+3) 2
F0)= =2y " %3

It is given that

P

bx—4
4 dr3 +3
_ o l6x—4) 7 16x+12+18x-12  34x
5[4”3 4 24x+18-24x+16 34
-‘S.r—riJ

“a
Therefore, fof (x)=x, forall x = =.

= fof =1

Hence, the given function fis invertible and the inverse of f'is f'itself.
Question 5:

State with reason whether following functions have inverse

(1) f {1,2,3,4} — {10} with

f=1{(1,10), (2, 10), (3, 10), (4, 10)}
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(i) g: {5,6, 7,8} — {1,2, 3,4} with
g=1(5,4),(6,3),(7,4), (8,2)}
(iii) A: {2,3,4,5} — {7,9, 11, 13} with
h=1{12,7),(3,9), 4, 11), (5, 13)}
(1) £ {1,2,3,4} — {10}defined as:
S=11,10), (2, 10), (3, 10), (4, 10)}

From the given definition of f, we can see that f'is a many one function as: f{1) = f(2)

=f(3)=f(4)=10

~f'1s not one-one.

Hence, function f'does not have an inverse.

(1) g: {5,6,7,8} — {1, 2, 3,4} defined as:

g=1(5,4),(6,3),(7,4), (8, 2)}

From the given definition of g, it is seen that g is a many one function as: g(5) = g(7) = 4.
=g 1s not one-one,

Hence, function g does not have an inverse.

(i) A: {2,3,4,5} — {7,9, 11, 13} defined as:

h=1{12,7),(3,9), (4, 11),(5,13)}

It is seen that all distinct elements of the set {2, 3, 4, 5} have distinct images under 4.
~Function / is one-one.

Also, 4 1s onto since for every element y of the set {7, 9, 11, 13}, there exists an
element x in the set {2, 3, 4, 5}such that A(x) = y.

Thus, 4 is a one-one and onto function. Hence, % has an inverse.
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Question 6:

——
-
+

e |

Show that f: [-1, 1] — R, given by
function f; [-1, 1] — Range f.

¥ v =
x)=
(Hint: For y €ERange f, y = { x+2  for some xin[—1, 1], i.e., (]—y})

f(x)=——.

fi[-1, 1] = Riis given as (x+2)
Let fix) = Ay).
p— o = Y
x+2 y+2

= Xy+2x=xy+2y
= 2x=2y

= x=y
= fis a one-one function.

It is clear that f: [—1, 1] — Range fis onto.

~ f: [-1, 1] — Range fis one-one and onto and therefore, the inverse of the function:
f:[—1, 1] — Range fexists.

Let g: Range f— [—1, 1] be the inverse of /.

Let y be an arbitrary element of range f.

Since f: [—1, 1] — Range f'is onto, we have:
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v=f(x) forsame x e[-1, 1]

X

:b_].’:
x+2

= xy+2v=x
:x{l—y] =2y
23

— ?*y;t]
I-v

Now, let us define g: Range f— [—1, 1] as

2y

—, vzl
-y

g(v)=

X
2
X ] - L X+ 2_] 2x 2x
I

— =—z=x

Now. (g2/)(x)= £(/ () - ¢

x+2
2y
2 v l1—w 21_1 2‘},
0 .1"' :‘f I‘[,-' = ( - W: - — : _<¥_,
{f g}{ ) (g{ ]) fkl—_v). 2y L9 2y+2-2y 2
-y
|
-'-gOf: [_I' ]] andfog: IH:ulgu_,l'
.-_fl = g
2y
()= <Yy
= -y
Question 7:

Consider f: R — R given by f(x) = 4x + 3. Show that f'is invertible. Find the inverse of /.
f: R— Ris given by,

fix)y=4x+3

One-one:

Let fix) =Ay).
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—dx+3=4y+3
= 4x=4y
= XxX=y

=~ fis a one-one function.
Onto:

Fory € R, let y =4x + 3.

Therefore, for any y € R, there exists 4 such that

o y3Y L (y=3Y L
!{IJ_IR 1 ]—4[ 2 J+3—.L.

=~ fis onto.

Thus, f1s one-one and onto and therefore, /' exists.

RO
g{1}=—
Let us define g: R— R by 4

Now, (gof)(x) = g (£ (x)) = g (4x+3) = @ “x

(fog)(y)=r(2(») :_f[}J;3J:4[$]+3: y=3+3=y

. gof = fog =1,

Hence, f'is invertible and the inverse of f'is given by

y—3

1 ()=ely)="=~

Question 8:
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Consider f: R, — [4, ©0) given by f{x) = x* + 4. Show that fis invertible with the

Y= o —
inverse /! of givenf by S w)=y-4 , where R, is the set of all non-negative real
numbers.

f: R, — [4, ) is given as flx) = x> + 4.

One-one:

Let flx) =f»).

=Sx +4=)"+4

- x" = ']f

=x=y [asx=yeR,]

= f1s a one-one function.

Onto:
Fory € [4, o), lety=x> + 4.
=x =y-4z0 [35_3324]

= x=.Jr—4z=0

Therefore, for any y € R, there exists ¥~ VY ™4 €R gych that

-f[x}=.f(\f}’—4]=(v{,v—4]2 a=y-did=y

=~ f1s onto.
Thus, f1s one-one and onto and therefore, /' exists.
Let us define g: [4, ©) — R, by,

g(v)=+r-4

Now. gof (x)=g(/(x))= g(f +4): 1||(,1'2 +4)—4 —Jx' =x
And. fog (v)= f((») = (Vy—4)=(Jr—4) +4=(y-4)+4=y
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. gof =fog=1lg,

Hence, f'is invertible and the inverse of f'is given by

S (9)=g(r)=r=4.
Question 9:

Consider f: R, — [—5, o) given by f(x) = 9x> + 6x — 5. Show that f'is invertible with

(e

fi R, — [-5, ) 1s given as f{x) = 9x*> + 6x — 5.
Let y be an arbitrary element of [—5, ).
Lety=9x>+6x—5.

= y=0Bx+1) -1-5=(3x+1)" -6

:‘;{E}JHI]2 =y+6

=3x+l=y+6  [asy=-5=y+6>0]
v+bh-—1

-
. ]

= X=

~f1s onto, thereby range /=[5, «).

g(n)=322el

Let us define g: [-5, ©) —> R, as 3

We now have:
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(gof)(x) = g(f (x)) = g (0" +6x-5)
= g((3x+1)"-6)
\[[3,1:+1}3—6+5—1
3
3xslol

.
-

And, (fog)(y) = £ (2(»))= f[@]

( = :
=13 —‘1'+6 ]]+l} -6
\ 3

=(~¢U=Hﬁr)E 6=y+6-6=y
o 8 =lu gpq & =1s)

Hence, f'is invertible and the inverse of f'is given by

Jy+6-1

i ()=ely)="—
Question 10:

Let f: X — Y be an invertible function. Show that /' has unique inverse.
(Hint: suppose g, and g, are two inverses of /. Then for all y € ¥,
fog.(y) = 1(y) = fog,(y). Use one-one ness of f).

Let /2 X — Y be an invertible function.

Also, suppose fhas two inverses (say £ 2d&:

Then, for all y €Y, we have:
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fog, (¥)=1, (v)= fog.(»)
= flg(»)=r2.(»)

= g(y)=2.(») [_f is invertible = f is nne-une]

=g =g, [ Zis ﬂne—mne]

Hence, f'has a unique inverse.

Question 11:

Consider f: {1, 2,3} — {a, b, ¢} given by f(1) =a, f(2) = b and f(3) = c. Find /"' and show
that (1) = f.

Function f: {1, 2,3} — {a, b, ¢} is given by,
f(1)=a,f(2)=>b, and f(3)=c
If we define g: {a, b, c} — {1, 2,3} as g(a) =1, g(b) =2, g(c) = 3, then we have:

(fog)(a)= ( {a] f(l)=a

(fog)(b)=r(g(b))=1(2)=b
(fog)(c)=f(glc))=f(3)=c
And,
(go)(1)=g(/(1))=g(a)=1
(gof)(2)=g(r(2))=g(b)=2

(20/)(3)=2(/(3))=2(c)=3

8% =Liand 8 =1y where X= {1, 2,3} and Y= {a, b, c}.
Thus, the inverse of fexists and ' = g.

~f':{a, b, c} — {1,2,3} is given by,

F@=1,f(b)=2,f(c)=3
Let us now find the inverse of /" i.e., find the inverse of g.

If we define 4: {1,2,3} — {a, b, c} as
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h(1)=a, h(2) = b, h(3) = ¢, then we have:

. goh=l,andhog =1, wpere x=(1,2,3) and Y= {a, b, c}.
Thus, the inverse of gexistsand g'=h = (') = h.

It can be noted that 4 = f.

Hence, (') ' =f.

Question 12:

Let f: X — Y be an invertible function. Show that the inverse of /' is f, i.e.,
=

Let f: X — Y be an invertible function.

Then, there exists a function g: ¥ — X such that gof= l,and fog = 1.,.

Here, ' =g.

Now, gof = L,and fog = I,

= f'of = L,and fof '=1,

Hence, f': Y — X is invertible and f'is the inverse of /!

Le., (fH)y'=f1.

Question 13:
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If £ R — R be given by 7(x) (3__r3}_', , then fof(x) is

1
(A) ¥ (B)x (C)x (D) 3 —x)

f R — Ris given as 'f(x}:(:;_f}i.

1

F(x)=(3-x")

a09=0)=1 {62 - {6-4¥] ]

[3-(3-2)] = () =x

cfof (x)=x
The correct answer is C.

Question 14:

4
i R—{—— —
Let

/= R- {—i}given by
Range 3

2= 5

3y
g¥)=32 4-3y

@) 34y

3y
4-3y

y=—2 )=
© 5 ) <)

4

It is given that
Let y be an arbitrary element of Range f.

4

} R flx
3 be a function defined as

R _{_E}—;» R is defined as /' (x) =

4y
C 3x+4 . The inverse of f1s map g:

4x
3x+4

wore® 3} p=1(x)
Then, there exists x € 3) such that ¥~/ )
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dx
= V=
" 3x+4
= 3xy+4y=4. 4 4y
ovar-a pon4] st
=> x(4-3y)=4y Let us define g: Range as —2y
4y
=x= T (20/)(x) (f'{ ) [ dx ]
=2y gornx)=g\six))=g
NOW, ) 3x+4
4[ 4x
B Ix+4) l6x _lﬁx_r
4_3( 4x) 12x+16-12x 16
L 3x+4
. | 4y
And,(fog)(y)=r(2(»))=1 [ - J
4-3y
o Y
4-3y, 16y _ley
H J —_— j.l
3[ 4y ]+4 12y+16-12y 16
43y
gL?f:l 4] and.ﬁ]g:]ltangu."
R3] |
Thus, g is the inverse of fi.e., ' = g.
f—}R—{—i}
Hence, the inverse of f'is the map g: Range 3) which is given by
4y
V)= .
¢)=775;

The correct answer is B.

Exercise — 1.4

Question 1:

Determine whether or not each of the definition of given below gives a binary operation.
In the event that * is not a binary operation, give justification for this.
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(1) On Z+, define *bya *b=a—>b

(i1) On Z, define * by a * b= ab

(111) On R, define * by a * b = ab?

(iv) On Z, define * by a * b = |a — b|
(v) On Z-, define *bya *b=a

(1) On Z7, * is defined bya * b =a — b.

It is not a binary operation as the image of (1, 2) under *is 1 *2=1—-2
=—1¢7Z".

(i1) On Z, * 1s defined by a * b = ab.

It is seen that for each a, b € Z, there is a unique element ab in Z.".

This means that * carries each pair (a, b) to a unique element a * b =ab in Z.".
Therefore, * is a binary operation.

(ii1)) On R, * is defined by a * b = ab’.

It is seen that for each a, b € R, there is a unique element ab® in R.

This means that * carries each pair (@, b) to a unique element a * b = ab*in R.
Therefore, * is a binary operation.

(iv) On Z, * is defined by a * b = |a — b|.

It is seen that for each a, b € Z, there is a unique element |a — b| in Z.

This means that * carries each pair (a, b) to a unique element a * b =
la — b|in Z'.

Therefore, * is a binary operation.

(v) On Z, * is defined by a * b = a.
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* carries each pair (a, b) to a unique elementa * b =ain Z'.

Therefore, * is a binary operation.

Question 2:

For each binary operation * defined below, determine whether * is commutative or
associative.

(1)On Z, definea*b=a—b
(11) On Q, definea * b=ab + 1

ab

(iii) On Q, define a * b 2
(iv) On Z, define a * b = 2«
(v)On Z, definea *b=a’

o
{.‘*b:—

(vi) On R — {—1}, define b+1

(1) On Z, * is defined bya * b=a — b.

It can be observed that 1 *2=1—-2=1and2*1=2-1=1.
1 *2#2%1; where 1,2 €Z

Hence, the operation * is not commutative.

Also we have:
1*2)*3=(1-2)*3=—-1*3=-1-3=-4
1*2*3)=1*2-3)=1*-1=1—-(-1)=2
S(1*2)*3£1%2%*3); where 1,2,3 €Z

Hence, the operation * is not associative.

(11) On Q, * is defined by a * b=ab + 1.
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ab=baV a, b €Q
>ab+1=ba+t1VabeqQ

>a*b=a*bVabeqQ

Therefore, the operation * is commutative.

It can be observed that:

Where You Get Complete Knowledge

(1%2)*3=(1x2+1)*3=3%3=3x3+1=10

1*Q2*3)=1*2x3+1)=1*7=1xT7+1=8

S(1*2)*3#1*%(2*3); where1,2,3€Q

Therefore, the operation * is not associative.

ah

(iii) On Q, * is defined by a * b 2
It is known that:
ab=baV a, beQ

ab  ba

= 2 _?Va,bEQ

>a*b=b*aVabeQ

Therefore, the operation * is commutative.

For all g, b, ¢ € Q, we have:
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(mﬁ\'lr
{a*b)*ﬁ_[mﬁ\] _\ 2 ) =ab::
2 2 4
")
™
f.-*{b*c)za*[hc |= kz/:'::b“
2 2 Bl

(axb)re=ax(bxc)

Therefore, the operation * is associative.
(iv) On Z, * is defined by a * b = 2.

It is known that:

ab=ba¥V a bel

=>20=2VY a, b€L
>a*b=b*aVabelZ

Therefore, the operation * is commutative.
It can be observed that:

(192)#3=2"" «3=4+3=2% =2"
1#(2#3)=1%2" =1%2° =1%64 =2"
~(1*2)*3£1*(2*3); where 1,2,3 €Z°
Therefore, the operation * is not associative.
(v) On Z-, * is defined by a * b = a’.

It can be observed that:

1#2=1"=1 gnd 2*1=2"=2

1 *2#£2%1 ;where 1,2 € Z
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Therefore, the operation * is not commutative.

It can also be observed that:
(243)s4=2"+4=844=8'=(2°) =2"
2%(3%4)=2%*3" =2%81=2"
S(2*3)*¥4#£2*%(3%4); where2,3,4€Z"

Therefore, the operation * is not associative.

o
ﬂ*bz__
(vi) On R, * — {1} is defined by b+1
1”‘2=L=l 2$]=i=E=L
It can be observed that 2+1 3 and 1+1 2

~1*2#2%1;where 1,2 € R— {-1}
Therefore, the operation * is not commutative.

It can also be observed that:

2 2

:]?P—:]* :L:

341 4 2

]m{2$3}:]$ E

1
+13
2

1
2
S(1*2)*3#£1*(2*3);where1,2,3 € R— {1}
Therefore, the operation * is not associative.

Question 3:

Consider the binary operation V on the set {1, 2, 3, 4, 5} defined by a Vb = min {a, b}.
Write the operation table of the operationV.
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The binary operation V on the set {1, 2, 3, 4, 5} is defined as a Vb = min {a, b}

Vabe{l,2 3,45}

Thus, the operation table for the given operation V can be given as:

Consider a binary operation * on the set {1, 2, 3, 4, 5} given by the following
multiplication table.

(i) Compute (2 *3) *4and 2 * (3 * 4)
(i1) Is * commutative?
(ii1)) Compute (2 * 3) * (4 * 5).

(Hint: use the following table)
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()(2*3)*4=1%4=1

2¥(3*4)=2%1=1

(i) For every a, b €{1, 2, 3,4, 5}, we have a * b = b * a. Therefore, the operation * is
commutative.

(iii) 2 *3)=1and (4 * 5) = 1

A2%3)*(4*5)=1*%1=1

Let*' be the binary operation on the set {1, 2, 3, 4, 5} defined by a *' b= H.C.F.
of a and b. Is the operation *' same as the operation * defined in Exercise 4 above?
Justify your answer.

The binary operation *' on the set {1, 2, 3 4, 5} is defined as a *' b = H.C.F of a and b.

The operation table for the operation *' can be given as:

We observe that the operation tables for the operations * and *' are the same.

Thus, the operation *' is same as the operation™.

Let * be the binary operation on N given by a * b =L.C.M. of a and b. Find

(1) 5*7,20 * 16 (i1) Is * commutative?
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(ii1) Is * associative? (iv) Find the identity of * in N

(v) Which elements of N are invertible for the operation *?
The binary operation * on N is defined as a * b =L.C.M. of a and b.
(1)5*7=L.CM.of5and 7 =35

20 * 16 =L.C.M of 20 and 16 = 80

(11) It i1s known that:
L.CMofaandb=L.CMofbandaV a b €N.
ra*b=b*a

Thus, the operation * is commutative.

(ii1) For a, b, c € N, we have:
(a*b)*c=(L.C.Mofaandb)* c=LCMofa,b,andc
a*(b*c)=a*(LCMofbandc)=L.CMofa,b, and c
“a*b)*c=a*(b*c)

Thus, the operation * is associative.

(iv) It 1s known that:

L.CM.ofaandl =a=L.CM.landaVa €N
>a*l=a=1*aVa€eN

Thus, 1 is the identity of * in N.

(v) An element a in N is invertible with respect to the operation * if there exists an
element bin N, suchthata *b =e =5 * a.

Here,e=1

This means that:
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LCMofaandb=1=L.CMofbanda

This case is possible only when a and b are equal to 1.

Thus, 1 is the only invertible element of N with respect to the operation *.

Is * defined on the set {1, 2, 3,4, 5} bya * b =L.C.M. of @ and b a binary operation?
Justify your answer.

The operation * on the set A = {1, 2, 3, 4, 5} is defined as
a*b=L.CM.ofaandb.

Then, the operation table for the given operation * can be given as:

41414 1214 120

SIS5|10115f20] 5

It can be observed from the obtained table that:
3*¥2=2*3=6¢A,5%2=2*5=10¢A,3*%4=4*3=12¢A
3*¥5=5*3=15¢A,4*5=5*%4=20¢ A

Hence, the given operation * is not a binary operation.

Let * be the binary operation on N defined by @ * b = H.C.F. of a and b.
Is * commutative? Is *associative? Does there exist identity for this binary operation
on N?
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The binary operation * on N is defined as:

a*b=H.CF.ofaand b

It is known that:

H.CF.ofaand b=H.CF.ofbanda V a, b € N.
ra*b=b*a

Thus, the operation * is commutative.

For a, b, c € N, we have:

(a*b)*c=MH.CF.ofaand b) * c=H.C.F. of q, b, and ¢
a*(b*c=a*H.CF.ofband c)=H.C.F. ofa, b, and ¢
“a*b)y*c=a*(b*c)

Thus, the operation * is associative.

Now, an element e € N will be the identity for the operation * ifa *e=a=e*a ¥
a €N.

But this relation is not true for any a € N.

Thus, the operation * does not have any identity in N.

Question 9:

Let * be a binary operation on the set Q of rational numbers as follows:
Wa*b=a—-b@{)a*b=a+b
(i)a*b=a+ab(iv)a* b= (a—b)

f.-*h=ﬂ—b
4

(v) (vi)a * b= ab?

Find which of the binary operations are commutative and which are associative.
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(1) On Q, the operation * is defined asa * b = a — b.

It can be observed that:

11 3-2 1
23 23 6 6and

1 1 1 1

W

[
2 3 3 2 ;Wherez 3

Thus, the operation * is not commutative.

It can also be observed that:

1 1 ] 1 1 P 11 1 1 2=-3 -]
— e | =] ——=— e =— = — = [
(23]4[23]4646412 12

111]](11‘*]I11615
—_ — =] —— | = = = e
2L34 203 4) 212 2 12 12 12
(l*l]*lil*[l*l] : where l l lEQ

4 2 13 4 2 3 4
Thus, the operation * is not associative.
(i1) On Q, the operation * is defined as a * b = a* + b
For a, b € Q, we have:
a*h=a +b =b"+a =h*a
ra*b=b*a
Thus, the operation * is commutative.

It can be observed that:
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[1*2}*3=(12 +f)*3={1 +4)*4=5%4=5 +4" =4]

1#(2#3)=12(2° +3%) =1#(4+9) =1*13=1"+13" =169

S (1%2)#3#1%(2+3) ; where 1,2,3 €Q
Thus, ,the operation * is not associative.
(111) On Q, the operation * is defined as a * b = a + ab.

It can be observed that:

1#*2=1+1x2=1+2=3
2¥1=2+2x1=2+2=4

S 1F222%] swhere 1,2 €Q

Thus, the operation * is not commutative.

It can also be observed that:
(1#2)#3=(1+1x2)*3=3*3=3+3x3=3+9=12
1%(2#3)=1#(2+2x3)=1*8=1+Ix8=9
S(1#2)#3#1%(2+3) s where 1,2.3 €Q

Thus, the operation * is not associative.

(iv) On Q, the operation * is defined by a * b = (a — b)*.
For a, b € Q, we have:

a*b=(a— by
b*a=b—ay=[—(a—b)P=(a— by
~a*b=b*a

Thus, the operation * is commutative.
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It can be observed that:

(1%2)#3=(1-2) *3=(-1) *3=1%3=(1-3) =(-2) =4
1#(2%3) = 1%(2-3)" =1%(=1) =121 =(1-1)" =0

S (1#2)#3#1%(2#3) s where 1,2,3 €Q
Thus, the operation * is not associative.

¥
arh=—,
(v) On Q, the operation * is defined as

For a, b € Q, we have:
f.r*h:a—:—a:h*a
4 4
~a*b=b*a
Thus, the operation * is commutative.

For a, b, c € Q, we have:

aﬁ_f
{ﬂ*b]*l‘l =ab*ﬁ= 4 =abc
4 4 16

u be
n*{b*c‘}za*hc: 4 =a.fx
4 16

Ma*b)y*c=a*(b*c)
Thus, the operation * is associative.
(vi) On Q, the operation * is defined as a * b = ab?

It can be observed that:
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.'_l*lil—*l;where l,lEQ
23 32 23

Thus, the operation * is not commutative.

It can also be observed that:

Thus, the operation * is not associative.

Hence, the operations defined in (ii), (iv), (v) are commutative and the operation defined
in (Vv) is associative.

Question 10:

Find which of the operations given above has identity.

An element e € Q will be the identity element for the operation * if
a*e=a=e*a, YaeQ.

However, there is no such element e € Q with respect to each of the six operations
satisfying the above condition.

Thus, none of the six operations has identity.

Question 11:
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Let A=N x N and * be the binary operation on A defined by

(a,b) * (c,d)y=(a+c,b+d)

Show that * is commutative and associative. Find the identity element for * on A, if any.
A=NXxN

* is a binary operation on A and is defined by:

(@, b)*(c,d)=(a+c b+td

Let (a, b), (¢, d) € A

Then, a, b, c, d €N

We have:

(a,b)*(c,d)=(a+c b+td)

(c,d)*(@a b)y=(c+a d+b)=(a+c b+d
[Addition is commutative in the set of natural numbers]
~(a, b)* (¢, d)=(c, d) * (a, b)

Therefore, the operation * is commutative.

Now, let (a, b), (¢, d), (e, f) EA

Then, a, b, ¢, d, e, fEN

We have:

{{a,.&r]*{c.d})*(e,}} (a+e, b+d)*(e. f)=(a+cte. b+d+ [)
(a.b) ({Cd} Ef}) (a.b)*(c+e. d+ f)=(a+c+e, b+d + [)

((a.b)*(e.d))* (e f) = (a.b)*((e.d)*(e. £))

Therefore, the operation * is associative.
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An element ¢~ (a.e)eA

will be an identity element for the operation * if

a*te=a=e*a ¥V a=(a,a,)eA (a,+e,a,+e,)=(a,a,)= (e +a,e,+a,),

,1.e., which is

not true for any element in A.

Therefore, the operation * does not have any identity element.

Question 12:

State whether the following statements are true or false. Justify.

(1) For an arbitrary binary operation *onaset N,a *a=a ¥V a * N.
(i1) If * is a commutative binary operation on N, thena * (b * ¢) = (c * b) * a
(1) Define an operation * on N as:

a*b=a+b Ya beN

Then, in particular, for b = a = 3, we have:

3*3=3+3=6#3

Therefore, statement (i) is false.

(1) RH.S.=(c*b)*a

= (b * c) * a [* is commutative]

=a* (b * c)[Again, as * is commutative]

=L.H.S.

ca*(b*c)=(c*b)*a

Therefore, statement (ii) is true.

Question 13:

Consider a binary operation * on N defined as a * b = a* + b*. Choose the correct answer.

Created By Kulbhushan www.Kulbhushan.freevar.com



EDUCATION CENTRE
Where You Get Complete Knowledge
(A) Is * both associative and commutative?

(B) Is * commutative but not associative?
(C) Is * associative but not commutative?
(D) Is * neither commutative nor associative?
On N, the operation * is defined as a * b = a* + b’.
For, a, b, € N, we have:
a*b=a+b=b+a=>b* a[Addition is commutative in N]
Therefore, the operation * is commutative.
It can be observed that:
(1%2)¢3=(1+2")#3=93=9"+3" =729+ 27 =756
[#(2#3)=1%(2+3") = 15 (8+27) =1x35=1"+35" = 1+(35)" = 1+42875 = 42876
~(1*2)*3#£1*(2%3); where1,2,3 €N
Therefore, the operation * is not associative.

Hence, the operation * is commutative, but not associative. Thus, the correct answer is B.
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