EDUCATION CENTRE
Where You Get Complete Knowledge

Exercise-11.1

Question 1:

If a line makes angles 90°, 135°, 45° with x, y and z-axes respectively, find its direction
cosines.

Let direction cosines of the line be /, m, and n.
{=cos90" =10

m=cos]35"=-

|
V2
1
H=cosdi"=—
V2

I},—L.aﬂd L

Therefore, the direction cosines of the line are V2 V2

Question 2:

Find the direction cosines of a line which makes equal angles with the coordinate axes.
Let the direction cosines of the line make an angle a with each of the coordinate axes.
~[=cosa, m=cosa,n=cosa

Faem+n =1
= co8” @ +cos @ +cos @=1

=3cos @ =1
—cos’a =
= CORg =1 ]
N
Thus, the direction cosines of the line, which is equally inclined to the coordinate axes,
1 | 1
+— +— and +—.
are V33 V3

Question 3:
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If a line has the direction ratios —18, 12, —4, then what are its direction cosines?

If a line has direction ratios of —18, 12, and —4, then its direction cosines are

18 12 4
JE18Y +(12) 4 (=4) J(-18) +(12) +(-4)" (~18)' +(12)" +(~4)

18 12 -4
“n o m
9 6 2
ITRETET)

—E*E*ﬂnd_—
|

2

Thus, the direction cosines are 11 11 11

Question 4:
Show that the points (2, 3, 4), (-1, =2, 1), (5, 8, 7) are collinear.
The given points are A (2,3,4),B(—1,—2,1),and C (5, 8, 7).

It is known that the direction ratios of line joining the points, (x,, y,, z,) and (x,, y,, z,), are
given by, x, — x,, V, — y,, and z, — z,.

The direction ratios of AB are (—1 —2), (-2 — 3), and (1 —4) i.e., =3, =5, and —3.
The direction ratios of BC are (5 —(— 1)), (8 = (—2)), and (7 — 1) i.e., 6, 10, and 6.

It can be seen that the direction ratios of BC are —2 times that of AB i.e., they are
proportional.

Therefore, AB is parallel to BC. Since point B is common to both AB and BC, points A,
B, and C are collinear.

Question 5:

Find the direction cosines of the sides of the triangle whose vertices are (3, 5, — 4), (— 1,
1,2)and (—5,-5,—2)

The vertices of AABC are A (3, 5,-4),B (-1, 1, 2), and C (-5, =5, —2).
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A 35 -4

C
(-5.-5.-2)

The direction ratios of side AB are (—1 —3), (1 —5), and (2 — (—4)) i.e., =4, —4, and 6.

Then,(-4)" +(-4) +(6)" =T6+16+36

=68
=217
Therefore, the direction cosines of AB are
—4 -4 6
VY (=47 () (=) +(=4) +(6)" ()" +(~4)" +(6)
-4 46
2177 21772017
-2 -2 3
NEMNEANG

The direction ratios of BC are (—5 — (—1)), (-5 — 1), and (-2 — 2) i.e., =4, —6, and —4.
Therefore, the direction cosines of BC are

4 -6 4

JAY +(-6) () J(4) +(-6) () () +(-6) +(—4)
4 -6 -4

217720177 2417

The direction ratios of CA are (=5 —3), (-5 —5), and (-2 — (—4)) i.e., =8, —10, and 2.

Therefore, the direction cosines of AC are
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-8 -5 2
JE8Y (10 +(2) J(=8) +(10) +(2)" (=8) +(10)" +(2)°
-8 =10 2

WNITRS NG NIT)

Exercise-11.2 ]

Question 1:
Show that the three lines with direction cosines

12 -3 -4 4123 3 412

137137137 137137137 1371313 are mutually perpendicular.

Two lines with direction cosines, /,, m,, n, and 1,, m,, n,, are perpendicular to each other,
if L+ mm, +nn,=0

12 -3 -4 4 12 3

(i) For the lines with direction cosines, 13 13 13 and 13713713 | we obtain

12 4 =3% 12 (-4Y 3
Wy +mm, +nn, =—x—+ ><_+[ w
) : . 13 13

13 13 13) 13
48 36 12
T169 169 169

)

Therefore, the lines are perpendicular.

4 12 3 3 412

(i) For the lines with direction cosines, 13 1313 and 1313713 | we obtain

4 3 12 (-4} 3 12
L +mm, +nn, =—x—+—x IEY +—x—

13713 13 13713
_ 1248 36

169 169 169

=0

Therefore, the lines are perpendicular.
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3 -4 12 12 -3 -4

(iii) For the lines with direction cosines, 13 1313 and 13713713 | we obtain

3V (12 (=4 (=3 (12| (-4
L, +mm, +nn, = —sz — +L_ }.{t_ o 25 |l 2
’ . B |3 13 13,/ LI13) L13 I3

36,1248
169 169 169
=0

Therefore, the lines are perpendicular.

Thus, all the lines are mutually perpendicular.

Question 2:

Show that the line through the points (1, —1, 2) (3, 4, —2) is perpendicular to the line
through the points (0, 3, 2) and (3, 5, 6).

Let AB be the line joining the points, (1, —1, 2) and (3, 4, — 2), and CD be the line joining
the points, (0, 3, 2) and (3, 5, 6).

The direction ratios, a,, b,, ¢;,, of ABare (3 —1),(4 —(—1)),and (-2 —2) i.e., 2, 5, and —4.
The direction ratios, a,, b,, ¢,, of CD are (3 —0), (5 —3), and (6 —2) i.e., 3, 2, and 4.

AB and CD will be perpendicular to each other, if a,a, + b,b,+ ¢,c, =0
aa,+bbtcc,=2x3+5x2+(—4)x4

=6+10—16

=0

Therefore, AB and CD are perpendicular to each other.

Question 3:

Show that the line through the points (4, 7, 8) (2, 3, 4) is parallel to the line through the
points (—1, =2, 1), (1, 2, 5).

Let AB be the line through the points, (4, 7, 8) and (2, 3, 4), and CD be the line through
the points, (=1, =2, 1) and (1, 2, 5).
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The directions ratios, a,, b,, ¢, of AB are (2 —4), (3 —7), and (4 — 8) i.e., =2, —4, and —4.

The direction ratios, a,, b,, ¢,, of CD are (1 — (—1)), (2 —(-2)),and (5 — 1) i.e., 2, 4, and 4.

[

Thus, AB is parallel to CD.

Question 4:

Find the equation of the line which passes through the point (1, 2, 3) and is parallel to the

vector 3 +2/ -2k

It is given that the line passes through the point A (1, 2, 3). Therefore, the position vector
through A is @ =/ +2j+3k

b=3+2j-2k

It is known that the line which passes through point A and parallel to b is given by
F=a-+ab, where 2 g 4 constant,

-7 =f+2j+3£+i(3f+2j—2ﬁ?)

This is the required equation of the line.

Question 5:
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Find the equation of the line in vector and in Cartesian form that passes through the point

with position vector 2i—j + 4k and is in the direction | +2J— ‘f{
It is given that the line passes through the point with position vector

a=2i—j+4k (1)

It is known that a line through a point with position vector @ and parallel to b is given by

the equation, 7 =d+1b

= r=2 —J.I+4£:+£i(f+2}'—kﬁ)

This is the required equation of the line in vector form.
F=xi—y+ =k

= xi—y+zk =(A+2) +(2A-1)j+(-A+4)k

Eliminating A, we obtain the Cartesian form equation as

This is the required equation of the given line in Cartesian form.
Question 6:
Find the Cartesian equation of the line which passes through the point

x+3 y-4 z+8
(-2, 4, —5) and parallel to the line given by 3 3 6

It is given that the line passes through the point (=2, 4, —5) and is parallel to
x+ 3 v 4 z+8
3 5 6
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x+3 yv—-4 z+8

The direction ratios of the line, 3 N 6 ,are3,5,and6.

x+3 y-4 z+8

The required line is parallel to 3 = 6
Therefore, its direction ratios are 3k, 5k, and 6k, where k # 0

It is known that the equation of the line through the point (x,, y,, z,) and with direction
X-X _Yy-»n_Z-%

ratios, a,b, ¢, is givenby @ b C
Therefore the equation of the required line is

x+2 y-4 z+5

3k Sk 6k
x+2 y—-4 z+5

= - k
3 5 6
Question 7:
x-5 y+4 z-6
The Cartesian equation of a line is 3 7 2 Write its vector form.

The Cartesian equation of the line is

x=5 y+4 z-6
3 7 2

(1)

The given line passes through the point (5, —4, 6). The position vector of this point is
d=5i—4]+6k

Also, the direction ratios of the given line are 3, 7, and 2.
This means that the line is in the direction of vector, ? =3 +7/+2k

It is known that the line through position vector € and in the direction of the vector b is
given by the equation, " =4 +4b,A€R
= =(S7—4]+6k)+4(30 + 7] +2)
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This is the required equation of the given line in vector form.

Question 8:

Find the vector and the Cartesian equations of the lines that pass through the origin and
(5,-2,3).

The required line passes through the origin. Therefore, its position vector is given by,
a=0 (1)
The direction ratios of the line through origin and (5, =2, 3) are

(5-0)=5,(2-0)=-2,(3-0)=3

The line is parallel to the vector given by the equation, =31 —2/+3k

The equation of the line in vector form through a point with position vector @ and parallel
to bis, F=d+Aab, AeR

= F

ﬁ+,1{5f-2}+3;2)

—

2 5?—2}'+3;E]

The equation of the line through the point (x,, y,, z,) and direction ratios a, b, ¢ 1s given
X-X% _Y-w»_z-%

by, @ b C

Therefore, the equation of the required line in the Cartesian form is

x—0 y-0 z-0

5 =2 3
X y oz
:} _—— T =
5 =2 3
Question 9:

Find the vector and the Cartesian equations of the line that passes through the points (3,
-2,-5), (3,2, 6).

Let the line passing through the points, P (3, =2, —5) and Q (3, —2, 6), be PQ.
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Since PQ passes through P (3, =2, —5), its position vector is given by,

d=3i-2j—5k

The direction ratios of PQ are given by,
3-3)=0,(—2+2)=0,(6+5) =11

The equation of the vector in the direction of PQ is
b=04-0]+11k=11k

The equation of PQ in vector form is given by, F=a+ib, 1eR

:F=[3f—2_}'—5£_]+1111€

The equation of PQ in Cartesian form is

X-x, v-y -

& 4] ¢ e,

x=3 y+2 z+45

0 0 11

Question 10:

Find the angle between the following pairs of lines:

r=2i-5j+k+A(3(—2]+6k)and
- ( )

;=Tf—ﬁ§+;;[f+2_}‘+2§}

= Ef—j—ﬁﬁﬁ+y(:’-f—5}—4§]

(i) Let Q be the angle between the given lines.
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cos( = e e

The angle between the given pairs of lines is given by, 'H "|

. . P 2 " Eo_f,an -
The given lines are parallel to the vectors, by=3i+2]+6k ynq by=i+2j+2k
respectively.

9

wlB|=VF 4276 =7

Bo| =1 +(2) +(2) =3
b -b, =[3f+2_}+ﬁ:€)~(?+2}+2£}
=3x]+2x2+6x2

=3+4+12
=19

19

= C05 =
0 T3

= () = cos '[E]
21

(ii) The given lines are parallel to the vectors, bi=i=j-2kng br=31-37-4k
respectively.

“JB[=y0) (1) +(-2) =V6
=(3) +(=5) +(~4) =50 =542

b -b, =[f—_}—2§]~(3f—5_}—4£)

b,

=1-3-1(-5)-2(-4)
=3+5+8
=16

Created By Kulbhushan

www.Kulbhushan.freevar.com



EDUCATION CENTRE
Where You Get Complete Knowledge

= ol
peal

[

e
16 16 16

R SN NN SN TN

cos() =

oo

<

—cos() =
3

'

— o[ 2
= (=08 S\ﬁ]

L%

Question 11:

Find the angle between the following pairs of lines:

x=2 y=1 z+3 *+2 y—4 =z-5
= = and = =
i 2 5 -3 -1 8 4
X_V_Z 4% =_1-—2=3—_1-
G 2 2 4 1 8
i, Let Prand ® be the vectors parallel to the pair of lines,
=2 P — =13 P — -
x=2_) I:_+ﬂjandx+2:‘1 4_z-3 .
2 5 —3 -1 8 4 |, respectively.

-

=i +8)+4k

b =20+5]-3k . q b

E,| =J{2}] +(5) +(-3)" =38

V1) +(8) (4 =BT =0
7+5j—3f;]-(—f+8_}+4£]

T

EI -Ez :[2.'
=2(-1)+5x8+(-3)-4
=-2+40-12
=2f

The angle, Q, between the given pair of lines is given by the relation,
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b
cos(Q ==
61
= cusQ:%

x_y_«z
(ii) Let “*™2 be the vectors parallel to the given pair of lines, 2 2 1 and
x-5 y-5 z-3

4 I 8 | respectively.
!;, =2i+2]+k
b,=4i + j+8k
“fB[= ) +(2) +(1) =B =3
h.:|:-\|'4:+|:+8: :\l'rg_lzg
b -b, =(ﬂ+2_}'+§)-(4f+_}'+ ﬁﬁ?}
=2x4+2x1+1x8
=8+2+8
=18
IL‘UHQ:%
If Q is the angle between the given pair of lines, then 'H "|
18 2
= LSl = —— ==
¢ =9 3
: 2

=0=cos | =
0= (3

Question 12:

l-x Ty-14 =z-3

Find the values of p so the line 3 2p 2
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T-T7x y=5 6-z

p | 5 areat right angles.

The given equations can be written in the standard form as

x=1_ y-2 =z-3 x-1 y-5 z-6
-3 2p 2 =3p 1 -5
7 and 7
2p =3p L —5
The direction ratios of the linesare =3, 7 ,2and 7 respectively.

Two lines with direction ratios, a,, b, ¢, and a,, b,, c,, are perpendicular to each other,
ifaa+b, b,+cc,=0

1-_{_3}.|fﬂ/]+[2—‘ﬂ-[l]+2-[—:’=}= 0

L7 7 )
7T 7
=11p=70
70
1

—

=P

E
Thus, the value of pis 11 .

Question 13:
x=5 y+2 =z x y =z
Show that the lines 7 =5 land 1 2 3 are perpendicular to each other.
x-5 y+2 =z X y =z
The equations of the given lines are 7 -3 land 1 2 3

The direction ratios of the given lines are 7, —5, 1 and 1, 2, 3 respectively.

Two lines with direction ratios, a,, b, ¢, and a,, b,, ¢,, are perpendicular to each other,
ifaa+b b,+cc,=0

STX1T+H(E5)x2+1x3
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=7—-10+3

Therefore, the given lines are perpendicular to each other.

Question 14:

Find the shortest distance between the lines
F:[f+2j+ﬁf]+ ﬂ.{f—j+£)and

r= Ef—j—.i:+,u(2f+_}+2,{:)
The equations of the given lines are

;:[f+2j+ﬁf]+ ﬂ.[f“—j+§cﬂ)
F:zf-j-h;;(zh}wé)

F=da +Ab and r*:a:v;.rbl,~

It is known that the shortest distance between the lines, 1S

given by,

(5,x5.)-(a2 -a )| "

‘hll xh':‘ ‘

d =

Comparing the given equations, we obtain

i =i+2j+k
bo=i-j+k

a2 =2i-j-k
E::EF+I,;'+2§.:

ax —a :(zf—j—é]—(f+2j+£]=f—aj‘—zé
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ik

1

1 1
2 1 2
bxb, =(-2-1)i =(2-2) j+(142)k =30 + 3k

5 xB| = () +(3) =979 =B =32
Substituting all the values in equation (1), we obtain

. (—3?+35?_]-[f—3j—2£)

32
~3.143(-2)
—d=|— )
32
—d =
W2

3 3x42 32

—d=—=
J2 Ix2 2

32
Therefore, the shortest distance between the two linesis 2 units.
Question 15:
x+1  y+l  z+l
Find the shortest distance between the lines 7 —6 I and
x+1  y+l  z+l x=3 y-5 z-7
The given lines are 7 —6 I and 1 -2 1

It is known that the shortest distance between the two lines,
X=X _ YN _ It g XN Yo oo
a, by G d, b, €: , is given by,
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by =4 YN S: T
a, b,
i, b, c

d= — - S (1)
\/{ be, =b.e, ] + [C',ﬂ: -, ] + [ﬂ]h: —a,h, ]

Comparing the given equations, we obtain

x=-1 yv=-1z=-1

a =7, b=-6¢=I
':Tj _3, J..:_Sq :3_?

a, =1, b,=-2¢,=1
X, =X v, =V -z |4 & 8
Then,| a, b, ¢ |=|7 -6 I
a, b, C, I -2 I
=4(-6+2)-6(7-1)+8(-14+6)
=—-16-36-64
=-116

-
-

= \('I{ﬁlc': —bye,) # (e, —cya, ) +(ab, —a,h) = ,I.,'II{—EI +2) +(1+7) +(~14+6)
=116
=2429

Substituting all the values in equation (1), we obtain

116 -58 -2x29
/= L _ 229
S TR CT RN T

Since distance is always non-negative, the distance between the given lines is 2¥29 units.
Question 16:

Find the shortest distance between the lines whose vector equations are
r=(i+2]+3k)+ A(7 =37 +2k)

and r =4F+5_}+ﬁ£+;:[2£+3j+£)
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:=f+2_}'+3§+2(f—3j+2£] F=4i +5]+6k +y[lf+3j+£}

The given lines are and

-

It is known that the shortest distance between the lines, "~ % * A apnd 7=+ pb, , is

given by,

(5,x5.)-(az -a: )| "

‘hll xh':‘ ‘

d =

Comparing the given equations with ~ =% ™ Ab and T =% b e obtain

G, =i+2j+3k

bo=i-3j+2k
ar=4i +5]+6k
.5: = 2f+3_}'+ﬁ§

ax —ai =(4f+5_f+{:£]—[f+2_}+3,{] 33430

k
3 2|=(-3-6)i —(1-4)j+(3+6)k=-9i +3]+9%k
1

= b',:-cb':|= J[—u)" +(3) +(9) =VB1+9+81=4/171 =319

(b xh,)-(a —51}:[—9F+3_}+9£'}-(3;’+3_}+3f5]
=—Ux34+3x3+9x3

=9

Substituting all the values in equation (1), we obtain

d:‘

9 3
Mﬁ‘_dﬁ
3

Therefore, the shortest distance between the two given lines is V19 units.

Question 17:
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Find the shortest distance between the lines whose vector equations are

F=(1=1)i +(t=2) j+(3-2f)kand
c=(s+1)i+(25=1) - (25 +1)k

= |

The given lines are
F=(1=0)i +(r=2)j+(3-20)k

::r=(5—2;+3k]+qgf+j—zé] (1)

= (s+1)i +(2s=1) j—(2s+1)k

::u::(f—_hf)+.s-{f+2_ﬁ—2»’;) -(2)
It is known that the shortest distance between the lines, F=d +Ab g F=a+pb , 1s
given by,
b xb, )-(a2 —a \
4o|B) @) )
]|

For the given equations,

a=i-2j+3k
E——:+; 2%

a =i—j—k
br=i42j-2k

ar—ay = (i~ j—k)-(i-2]+3k) =] - 4k

A

2| =(-2+4)i - (2+2) j+(-2-1)k=2i -4j -3k
-2

= b xby|= ] (2)" +(=4) +(=3)" =A+16+9 = /29

=

peal]

Il

| ¥
e
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.~.(6,><;£:)-(fi;—..r,;.):{2F—4j—3£)-[j—4£):—4+|2=3

Substituting all the values in equation (3), we obtain

B
TN

8

Therefore, the shortest distance between the lines is V29 units.

Exercise-11.3 ]

Question 1:

In each of the following cases, determine the direction cosines of the normal to the plane
and the distance from the origin.

(a)z =2 (b) x+y+z=1

(c) 2x+3y—z=5 (d)5y+8=0

(a) The equation of the planeisz=2orOx + 0y +z=2 ... (1)
The direction ratios of normal are 0, 0, and 1.

A0 1 =1

Dividing both sides of equation (1) by 1, we obtain
Ox+0p+1z=2

This is of the form Ix + my + nz = d, where [, m, n are the direction cosines of normal to
the plane and d is the distance of the perpendicular drawn from the origin.

Therefore, the direction cosines are 0, 0, and 1 and the distance of the plane from the
origin is 2 units.

b)x+y+z=1..(1)

The direction ratios of normal are 1, 1, and 1.
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Dividing both sides of equation (1) by ‘-"E, we obtain

LI L IP (2)
MR RN RN &

This equation is of the form Ix + my + nz = d, where /, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

1

-

L.—, and
Therefore, the direction cosines of the normal are V3’3 3 and the distance of

normal from the origin is V3 units.
©2x+3y—z=5...(1)

The direction ratios of normal are 2, 3, and —1.

) +(3) + (1) =i

Dividing both sides of equation (1) by V14 , We obtain

2 3 | 5
X+ - =
N RN RN TN v

This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

2 3 -1

, ——, and
Therefore, the direction cosines of the normal to the plane are ViaT V14 Ji4 and
5

the distance of normal from the origin is Ji4 units.
d)5y+8=0

=>0x—5+0z=8...(1)
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The direction ratios of normal are 0, —5, and 0.

0+(=5)' +0=5

Dividing both sides of equation (1) by 5, we obtain

This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

Therefore, the direction cosines of the normal to the plane are 0, —1, and 0 and the
8

distance of normal from the origin is 3 units.

Question 2:

Find the vector equation of a plane which is at a distance of 7 units from the origin and

normal to the vector 3 +3J —6k

The normal vector is, 7 =3 +5/ -6k

7 3i4+5j-6k  3i+5j-6k

LR=E—=

A Gy sy (6 N0

It is known that the equation of the plane with position vector 7 is given by, #-#=d

. . ":_ k"
j[u]?

V70

This is the vector equation of the required plane.

Question 3:
Find the Cartesian equation of the following planes:

Foli+j-k)=2  F(20+3]-4k)=]

(a) (b)
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Pl (s=20)i +(3-1)j+ (25 +2)k | =15

(c)

(a) It is given that equation of the plane is
Fo(i+j-k)=2 (1)

For any arbitrary point P (x, y, z) on the plane, position vector ¥ is given
by F=xi+y—zk

Substituting the value of ¥ in equation (1), we obtain

(xf+;;}—z£)-(f+lf—!2):2

= x+y—-z=2
This is the Cartesian equation of the plane.

) Fo(2i+3]-4k)=1 (1)

For any arbitrary point P (x, y, z) on the plane, position vector 7 is given
by F=xi+y—zk

Substituting the value of 7 in equation (1), we obtain

(xf+_1;}+z£)-(zf+3j-4£)=1

= 2x+3y—4z=1

This is the Cartesian equation of the plane.

© Pl (s=20)i+ (3-1)j+ (25 +0)k |=15 (1)

For any arbitrary point P (x, y, z) on the plane, position vector ¥ is given
by F=xi+y—zk

Substituting the value of 7 in equation (1), we obtain
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(:cf+_1;}—z§)~[{.~.‘—2#]?+{3—!]_}+{2.v+r}ﬂ =15

= (s—2)x+(3-1)y+(2s+1)= =15

This is the Cartesian equation of the given plane.

Question 4:

In the following cases, find the coordinates of the foot of the perpendicular drawn from
the origin.

(a) 2.‘~.‘+3.1r'+42—]2=[}(b) 3}'-!—42—15:[.'
(C) x+y+z=l(d) 5}-‘+3:U

(a) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(1, ¥1,21)-

2x+3y+4z—-12=0
=2x+3y+4z=12 ... (1)

The direction ratios of normal are 2, 3, and 4.

2) +(3) +(4) =29

Dividing both sides of equation (1) by V29 , we obtain

12

2 3 4
x4+ '+ z=
NN T RN T RNGT]

This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(ld, md, nd).
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Therefore, the coordinates of the foot of the perpendicular are
f2 12 3 12 4 12 1, f24 36 43]
V29 V29729 V29 V29 V29 ) 7129749729

(b) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(xla y1,Z1)~

3p+4z-6=0

= Ox+3y+d4z=6 (1)

The direction ratios of the normal are 0, 3, and 4.

A0+ 44 =5

Dividing both sides of equation (1) by 5, we obtain

3 4 6
Ox+=y+—z==
57 5 5

This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by
(Id, md, nd).

Therefore, the coordinates of the foot of the perpendicular are

46, 24
3558 05 3)
(c¢) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(xl 9 yl 921)‘

L_n|t.-.l
J||Ch

xty+z=1_ (1)

The direction ratios of the normal are 1, 1, and 1.

AP+ =43
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Dividing both sides of equation (1) by “-'E, we obtain

| | | 1
—Xt—=y+—z=—
G OB BETh

This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by
(ld, md, nd).
Therefore, the coordinates of the foot of the perpendicular are

11 1 17, [’lll‘l
1.€.. .

f1 1
|aﬁ‘ﬁ'£}-’§‘£'ﬁ; 137373,

(d) Let the coordinates of the foot of perpendicular P from the origin to the plane be
(X1, ¥1,21).

Sy+8=0

=>0—5+0z=8...(1)

The direction ratios of the normal are 0, —5, and 0.
0+(=5)" +0=5

Dividing both sides of equation (1) by 5, we obtain

This equation is of the form Ix + my + nz = d, where [, m, n are the direction cosines of
normal to the plane and d is the distance of normal from the origin.

The coordinates of the foot of the perpendicular are given by

(Id, md, nd).
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Therefore, the coordinates of the foot of the perpendicular are

i k !
0, —1[5], {]J ie., [{]. - J!
L 3 3

Question 5:

Find the vector and Cartesian equation of the planes
(a) that passes through the point (1, 0, —2) and the normal to the plane is itk

(b) that passes through the point (1, 4, 6) and the normal vector to the plane is | ~2/+#
(a) The position vector of point (1, 0, —2) is @ = i -2k
N=i+]j—k

The normal vector ¥ perpendicular to the plane is *

The vector equation of the plane is given by, (F-d).N=0

=|F-(i-2k) | (i+]-F)=0 (1)
F is the position vector of any point P (x, y, z) in the plane.
L= x.rf+}f+zé

Therefore, equation (1) becomes

= x+y—z-3=10
= x+y—z=3

This is the Cartesian equation of the required plane.

(b) The position vector of the point (1, 4, 6) is @ =i +4J+6k
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The normal vector ¥ perpendicular to the plane is ¥ =1 —2J +k
perp p

The vector equation of the plane is given by, (F-a).N=0

:>[r’—(f+4.}'+6ﬁ;”,(f—2.}'+£]=U (1)

F is the position vector of any point P (x, y, z) in the plane.
SF=xi+ i+ zk

Therefore, equation (1) becomes

[[xf +yj + :»’E) —[f+ 4 +{:IF]][}T -2 +£] =0

=[(r=1)i+(y=4) j+(z=6)k |-(I-2]+k)=0
= {I—l]—l(_w-'—4}+[:— }= 0

= x—2y+z+1=0

This is the Cartesian equation of the required plane.

Question 6:

Find the equations of the planes that passes through three points.

(@) (1, 1,-1),(6,4,-5), (—4,-2,3)

(b)(1,1,0), (1,2, 1),(=2,2,-1)

(a) The given points are A (1, 1, —1), B (6, 4, —5), and C (—4, -2, 3).

| 1 -1
6 4 —5|=(12-10)-(18-20)~(~12+16)

Since A, B, C are collinear points, there will be infinite number of planes passing through
the given points.
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(b) The given points are A (1, 1, 0), B (1, 2, 1), and C (-2, 2, —1).

0

=(-2-2)-(2+2)=-8=0

-1

Therefore, a plane will pass through the points A, B, and C.

It is known that the equation of the plane through the points, (.

[ENNEN , is

X—x, ¥y-) z-%

X=X V=¥ 5| =0

H=X Ys=0h 55
=1 y-1 =z

= 0 1 1 (=0

-3 1

=(-2)(x-1)=-3(y-1)+32=0

= —2x-3y+3
= —2x-3y+3
= 2x+3y-3:z

z+2+3=0

z=-3

=5

This is the Cartesian equation of the required plane.

Question 7:

Find the intercepts cut off by the plane

(1)

2x+y—z=

5

2x+y—z=3

Dividing both sides of equation (1) by 5, we obtain
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£+£+£:1

It is known that the equation of a plane in intercept formis @ b ¢
where a, b, c are the intercepts cut off by the plane at x, y, and z axes respectively.

Therefore, for the given equation,

a :g,h =5 and c = =5

5
—, 5,and -5
Thus, the intercepts cut off by the plane are 2 .

Question 8:

Find the equation of the plane with intercept 3 on the y-axis and parallel to ZOX plane.
The equation of the plane ZOX is

y=0

Any plane parallel to it is of the form, y = a

Since the y-intercept of the plane is 3,

~a=3

Thus, the equation of the required plane is y = 3

Question 9:

Find the equation of the plane through the intersection of the planes 3%~V +22-4=0

and ¥+ ¥ +2-2=0 gnd the point (2, 2, 1)

The equation of any plane through the intersection of the planes,
3x—y+2z—4=0andx+y+z—2=0,1s

(3x—y+2z—d)+a(x+y+:-2)=0, where @ € R (1)

The plane passes through the point (2, 2, 1). Therefore, this point will satisfy equation

(1).
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S(3x2-242x1-4)+a(2+2+1-2)=0

=2+3a=0

2
— R =

a

2
. . g =3 . . .
Substituting 3 in equation (1), we obtain
r

{3x—y+2:—4}—;{,5.‘+y+z—2}=U
=3(3x-y+2z-4)-2(x+y+z-2)=0
= (9x=3y+62-12)-2(x+y+z-2)=0
= Tx=5y+4z-8=0

This is the required equation of the plane.

Question 10:

Find the vector equation of the plane passing through the intersection of the

Fo(20+2]-3k)=7, F(20+5]+3k)=9

lanes and through the point (2, 1, 3)
p

_ Fo(2+2j-3k)="7and f-(:f+5}+3§):9
The equations of the planes are '

—
—_—
et

= 7-(20+2j-3k)-7=0

F-(zf+s_}+3£)—9=n

—_—
[
f—

The equation of any plane through the intersection of the planes given in equations (1)
and (2) is given by,

Pl 2“'—3".— 4[1'.2: 5]+ 3k _ij:|:ﬂ p
[,- [ i+2j fc} "}'}+ ’ [r+3*_f+~>-5~'] ,whereﬂER

F -[[zf+2j—3£}+ﬁ[1§+5j+3£”= 94+7

Pl (2424)i +(2+54) j+(34-3)k |=92+7 .(3)

The plane passes through the point (2, 1, 3). Therefore, its position vector is given by,
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F=21+2]+3k
Substituting in equation (3), we obtain

(274 7-3k).[ (2+24)7 +(2+54) J+ (34-3)k |=94+7
=(2+24)+(2+54)+(34-3)=94+7
= 184-3=094+7

=094=10
|
= A= 10
9
10
Substituting 9 in equation (3), we obtain
I8 . .
F (ﬁmﬁ Eﬁ‘]= 17
9 9

:>F-(355+53j+3;€]=|53

This is the vector equation of the required plane.
Question 11:

Find the equation of the plane through the line of intersection of the planes ¥+ +2 =1

and 2% t3y+42 =5 which is perpendicular to the plane ¥~V +2=0

The equation of the plane through the intersection of the planes, ¥ +¥+2 =1
and 2¥+3y+4z=3 g

(x+y+z-1)+A(2x+3y+4z-5)=0

= (224 1)x+(3A+1) y+(4A+1)z—(54+1)=0 (1)

The direction ratios, a,, b,, ¢,, of this plane are (2L + 1), BA + 1), and (41 + 1).
The plane in equation (1) is perpendicular to ¥ ~¥+2=0

Its direction ratios, a,, b,, ¢,, are 1, —1, and 1.

Since the planes are perpendicular,
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aa, +bb, +ec, =0
= (24+1)=(34+1)+(44+1)=0
=34A+1=0

=A==

R 1
A===

Substituting 3 in equation (1), we obtain

1 1 2

X +
3 3 3
= x—z+2=0

This is the required equation of the plane.

Question 12:

Find the angle between the planes whose vector equations are

F-(zhz_}'—sé]:s F-(3E—3j+5£]=3

an

Fo2i+2j-3k)=5 F(3i-3j+5k)=3

The equations of the given planes are an
It is known that if "and ™ are normal to the planes, """ T diand =4 then the
angle between them, Q, is given by,

iy - iy

(1)

cos(J =

|’_"I ||”:|

Here, g ZE‘FTE.}'—H; and n, :35_3_;-+5;;

i i =(2E+2_;—3£}(3f—3_}'+ 5k)=23+2,(-3)+(-3).5=-15

il =(2)' +(2) +(3)
o =) +(=3) +(5)°

—

17

—

v

L]

Substituting the value of # "= I |and|7y| equation (1), we obtain
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-1
cosQ:‘—

5
NERVE

15
= eos=—=

731
—cos( ' = [%]

Question 13:

In the following cases, determine whether the given planes are parallel or perpendicular,
and in case they are neither, find the angles between them.

(a) Tx+3y+6z+30=0and 3x—y—10z+4=10
(b) Q¥+ y+3z-2=0and x—2y+5=0

() 2x=2y+4z+5=0and 3x-3y+62-1=0
(d) 2x—y+3z-1=0and 2x—y+3z+3=0
(e) dx+8y+z—8=0and y+:z-4=0

Liax+hy+cz=0

The direction ratios of normal to the plane, ,are a,, b, ¢, and

Lo:ax+by+c,z=0are a,, b,, c,

- £ :
LiL,if i="29

' a, b, o
L LL.if aa, +bb, +ce, =0

The angle between L, and L, is given by,

aa, +bb, +epc, |

Iﬂ': +b3+el o Jad + b+l
At 1 | 2 2 2

(a) The equations of the planes are 7x + 5y + 6z + 30 = 0 and

O =cos”'

3x—y—10z+4=0
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Here,a,=7,b,=5,¢c,=6

a,=3, b, ==1c,=-10
at, +bb, +ee, =Tx3+5%(=1)+6x(-10) =440

Therefore, the given planes are not perpendicular.

@ Th_5_ e 6 3

a, 3 b -l ¢, —10 3
a b g
— ke e

It can be seen that, “ by ¢

Therefore, the given planes are not parallel.

The angle between them is given by,

?x3+5x{—]}+ﬁx{—]ﬂ]

chﬂﬁ_] | 1- » o f » . .
J(7)Y +(5) +(6) xy(3) +(=1)" +(~10)
- eogi| 212560
11D =110
=cos"4—4
110
=n::m;"E
i

(b) The equations of the planes are 2¥+V+32=2=0 3pq ¥—2y+5=0

Here, 4 = 2,h=le=3,,4a=Lb=-2¢=0

Loaa, +bb, +ee, =2x1+1x(-2)+3x0=0
Thus, the given planes are perpendicular to each other.

(¢) The equations of the given planes are 2X¥ ~2¥+42+5=0 4pq Ix—3y+6z-1=0
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a=2,b-2,¢c=4 and @ =3 b =-3,c,=0

Here,
ada, +hb, +ec, =2x3+[—2][_3}+ dx6=6+6+24=36=0

Thus, the given planes are not perpendicular to each other.

a 2 b 2 Edndc,_-ﬂ- 2
a, 3'bh, -3 ¢, 6 3
a_b _q
a, b, ¢

Thus, the given planes are parallel to each other.

(d) The equations of the planes are 2¥~¥+32-1=0 554 2x-y+3z+3=0

Here, a,=2,b == =3 and a,=2,b,==lc,=3
i_%_]ii:__:lund{_lzi_]

a, 2 b - ¢, 3

a_b_q

a, b«

Thus, the given lines are parallel to each other.

() The equations of the given planes are 4¥+8y+2-8=0 5pq y+z-4=0

Here, 4=%b=8.¢=1 ;4 aa=0,b,=1¢c,=1
aa, +bb, +cc, =4x0+8x14+1=9=20

Therefore, the given lines are not perpendicular to each other.

a4
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Therefore, the given lines are not parallel to each other.

The angle between the planes is given by,

"
i

’ J=45°

O \.'E

| doll+8x1+1x1
VA 48+ 1 x0T+ P+ 1

() = cos :

[

]
= C0s =008 | —=
‘ ¥
Question 14:

In the following cases, find the distance of each of the given points from the
corresponding given plane.

Point Plane

(a) (0,0, 0) 3¥—4y+12z=3
(b) (3,2, 1) 2¥~y+22+3=0
(¢)(2,3,-5) ¥+2y—2z=9

(d) (=6, 0,0) 2¥—3y+6z-2=0

It is known that the distance between a point, p(x,, y,, z,), and a plane, Ax + By + Cz = D,
is given by,

Ax, + By, +Cz, - D)

id =
JL+sg+C* |

(1)

(a) The given point is (0, 0, 0) and the plane is dx—4y+12z=3
_3><U—4><U+IZ><U—3‘_ 3 3

d 3
\/{3)3+{—4)1+{|2}1‘ V169 13

(b) The given point is (3, — 2, 1) and the plane is 2¥~¥+2z+3=0

d=

2x3-(-2)+2x1+3 _‘13‘ 13
1313

J{z}u{-n’ w2y 13 3
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(¢) The given point is (2, 3, —5) and the plane is ¥+ 2y-2z=9

‘2+2x3 2(-5)- 9‘ 9

R REEE

(d) The given point is (—6, 0, 0) and the plane is

=3

2x=3y+62z-2=10

3(—5]—3xl}+ﬁxﬂ—2 14| 14

Joy (3 +(6) | Va9l 7
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