Complex Numbers & Quadratic Equations

Chapter-5 Complex Numbers & Quadratic Equations

Miscellaneous

Question 1:

Evaluate:

Answer :

= _—I+:—;T

=[-1-i] ‘

~ () [+ 1]

= —[l; +it+31 -:'[I +:'):|
= —[] i +3;‘+3;"]
=—[1-i+3i-3]

=—[-2+2i]

=2-2i
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Complex Numbers & Quadratic Equations

Question 2:

For any two complex numbers z; and z,, prove that
Re (z1z)=Re z1Re z; —Im z; Im 7,

Answer :

Letz, =x, +iy, and z, = x, + iy,
sz = (e i) (2, + i)
=x (x, +iv, )+ iy (x, +iv,)

. . 2o
= XX, HIX Y, VX, VY,

XXy 0V, DY, =, [f o I]

(X0 =3y, ) +i(wy, +y,)
= Re(z,z,)=xx, ¥,
—Re(z,z,)=Rez Rez, ~Imz Imz,

Hence, proved.

Question 3:

(1 2 \3-4i
Reduce L|—4f l+:)\ 5+1i

to the standard form.

Answer :
[ 2 ] 3—4;]: (1+i)—2(1-4i) [3_4,1
I-4i 1+ 5+i (1-4i)(1+7) |L5+i
_[ | +i-2+8i }[3—4;}_[—“9;}{3—41
| +i—4i—4i" || 5+i 5-3i || 5+i

| =34+4i+27i-36i" | 334310 _ 33431
25+5i—15i-3i" | 28-10i 2(14-5i)
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Complex Numbers & Quadratic Equations

(33+311) (14+5i) - o .
= = _ On multiplying numerator and denominator by [14 | ::u}
2(14-35i) (14+5i) - :
_ 462+ 165i + 434§ + 1551 307+ 399
2| (14) (i)’ 2(196-25/°)
_307+3599  307+599 307 N 390
2(221) 442 442 442

This 1s the required standard form.

Question 4:

ﬂ—ib - * 2 ﬂj +b2
| K yt) =

If x — iy =V ¢~1d prove that ¢ +d
Answer :
iy = a—ib
‘ Ve-id

la—1b c+ud L . .

:\{ - % 4 [Dn multiplying numerator and denominator by {-:+|d]]
c—id c+i

"{ux:+hd]+i[ad—hc}
R

U: +d]

> (ac+bd)+1{ad—be

cx-iy) = ( 1 [ )
¢ +d”
.. ac+bd)+i{ad - be
:}x'—}f'—il:ﬂ':( } {‘ )
¢ +d-

On comparing real and imaginary parts, we obtain
N heL S V. . (1)

¢ +d- ¢ +d°
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(x: +},'_’): =(xj _y: )3 +4:~:1}':

=[u{:+hd]:+[ad—hr]: [Using (1)]

¢’ +d° ¢’ +d°

_a’¢®+b’d” +2acbd +a’d” +b’c” —2adbe

) (¢ +d)

~a'c’ +b'd’ +a’d® +bc’

) (c*+d?)
a*(c+d7)+b (7 +d7)

. (¢? +d:):

- (-::: +d:)(a" +b?)

B (¢’ +4:|3)1

_al+b’

¢ +d’
Hence, proved.

Question 5:
Convert the following in the polar form:

14+ 7i

- 143§

@ PGy 12

Answer :

(i) Here, (2-i)

1+7i  1+7i 147
(2-i) 4+ -4 4-1-4i

_ 1470 3+4i 3+4i+21i+28

C3-4i 3+4i 3+ 4°
 3+4i+21i-28 -25+25i
34425
=—1+i
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Letrcos@=—1landrsin =1
On squaring and adding, we obtain
¥ (cos® @+sin @) =1+ 1

= 1 (cos® 0+ sin® ) =2

=7=2 [cos® O+ sin’ 0 =1]
— =2 [Conventionally, r = 0]
N2 cos@ =—1and 2sinf =1

) ]
= cosfl = = and sinf = —

V2 V2

Sl === [As- & lies in 1l quadranl]

wz=rcos@+irsinf
im N T dn .. 3m
=\ECGS—+:~4‘ESLII—=x-Z(CﬂS—-I—rSIn—]
4 4 4 4

This is the required polar form.

. 1+ 3i
(i) Here, 1-2i

:1+3r'xl+2f'

1-2i 1+2i
C14+2i+3i-6
O 1+4
_=5+5i

5

14§

Letrcos@=—1andrsin =1
On squaring and adding, we obtain

¥ (cos® @+sin @) =1+ 1
=77 (cos® O+ sin” 0) =2

=>7=2 [cos® O+ sin” 0 =1]
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— =2 [Conventionally, r = 0]

s J2cos=—1and J2sing =1

= pos = = and siné =

J2

T 3m

44

1
2
[Aﬁ # lies in 11 quadrunr.]

wz=rcos@+irsinf

- ¢ -
— im .~ . 3m = AT .. AW
=+/2 008 — 44 25in—=42 cns—wsm—}

4 4 \ 4 4

This is the required polar form.

Question 6:

5
3xT —4dx+ £=ﬂ

Solve the equation 3
Answer :

o
31':—4.1’1%:{"]

The given quadratic equation is

This equation can also be written as 9x* ~12x+20=0

On comparing this equation with ax” + bx + ¢ = 0, we obtain
a=9,b=-12,and c =20

Therefore, the discriminant of the given equation is

D =b"—4ac=(-12)* -4 x 9 x 20 = 144 — 720 = -576

Therefore, the required solutions are
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—bL\II'E:—{—]E}-i-'\II_S?E' zlz;ﬁf [w'{_|=f']

2a 2x9 18
124240 _6(2+4i) 244i 2 4.
18 I8 3 i 3
Question 7:
5 3
x=2x+==0
Solve the equation 2
Answer :
. 3
x =2x+==0
The given quadratic equation is 2

This equation can also be written as 2x" —4x+3=0

On comparing this equation with ax” + bx + ¢ = 0, we obtain
a=2,b=-4,andc=3

Therefore, the discriminant of the given equation is

D=0 —4dac=(-4)-4x2x3=16-24=-8

Therefore, the required solutions are

—b+JD  —(=4):V-8 4422 Faf——l—f]

2a 2x2 4 L

2:'\!"2:'_1

A

2.
+—i
2
Question 8:
Solve the equation 27x* — 10x + 1 =0
Answer :
The given quadratic equation is 27x* — 10x + 1 =0

On comparing the given equation with ax® + bx + ¢ = 0, we obtain
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a=27,b=-10,and c=1
Therefore, the discriminant of the given equation is
D=5b*—4ac=(-10)> -4 x27x 1 =100— 108 =8

Therefore, the required solutions are

—b+JD  —(-10)2V-8 10£22i f=m
2a 2%27 54

s+2i 5 2.

=+ i
27 27 27

Question 9:

Solve the equation 21x* — 28x + 10 =0

Answer :

The given quadratic equation is 21x* —28x + 10 =0

On comparing the given equation with ax” + bx + ¢ = 0, we obtain
a=21,b=-28,and c= 10

Therefore, the discriminant of the given equation is

D =b"—4ac=(-28)*—4 x 21 x 10 =784 — 840 =56

Therefore, the required solutions are

—btJD  —(-28)£V-56  28%56i

2a 2x21 42
_28£214i 28 214, 2 14,
42 427 42 37 21
Question 10:

:|+:\+l

It z, =2-i, zl:lﬂ-‘ﬁnd ‘1’. z, +1 .
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Answer :

z,=2=i, 7, =1+i
) :|+:J+]|_|[2—f}+{l+f'}+l|
Nz -z +1] [(2-8)-(1+8)+1]
4
2(1-17)
2 ><1+s|:|2{1|+:‘}|
=i 1+i| | 1P=7
2(1+i)
1+1
2(1+1)
=

=[1+i]=+1* +1* =2

4 |
2-2i|

Il
1
=y
Va
]
I
ot
(I

z +z, +1

is V2.

Thus, the value of

zZ,—2z,+1

Question 11:

[K+i)3 (33':2+|}2

Ifa+ib= 2x" +1 , prove that a* + b* = (2x+1)

Answer :

a+ib=M
2x° +1
XTI+ 20
o 2x7+]
X —1+i2x

2% +1
x' -1 ( 2x ]
= — +| -
2x°+1 2x° +1

On comparing real and imaginary parts, we obtain
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sat+b :—_(x- +I} :
(2x7+1)

Hence, proved.

Question 12:

Let *

i “*

Z, =2 +i

Z,Z, :—3+4i
|z 2+i

On multiplying numerator and denominator by (2 — i), we obtain
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7z, (3+4i)(2-1) —6+3i+8i-4i° _-6+11i-4(-1)

Z  (2+i)(2-1) 2% 41 22 +1
C 2410 =2 11
5

5 5

On comparing real parts, we obtain

R(T]_ﬂ
Z, 5

1 I 1 1

iy 42 C(2-i)(2+i) (2 +(1) 5

On comparing imaginary parts, we obtain

)

Question 13:

142§

Find the modulus and argument of the complex number 1 —37 .

Answer :

1+2i
z= :
Let =37 then

_'_l+2:'><1+3:'_I+3f‘+2f’+6f:_I+5r’+6(—]]

130 143 I° +3° 1+9
—5+5 =5 5 -1 1.

= = +—=—q4—

0 10 10 2 2
Letz =rcosé +irsingd

P | —

. -1 .
Le.reosd = e and rsinf =

On squaring and adding, we obtain
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4
=r= % [Conventionally, r > 0]

.'_%cnsﬂ =_?I and %sinf?:]g

-1 ) |
= cos =— and sinf =—

V2 V2
nf=mn —g - ? [As @ lies in the I quadrant]

1 in

— and
Therefore, the modulus and argument of the given complex number are V2 4

respectively.

Question 14:
Find the real numbers x and y if (x — iy) (3 + 5i) is the conjugate of —6 — 24i.

Answer :

Let 2 =(x—iv)(3+5i)

z=3x+5xi—3pi—Svi’ =3x+5xi—3pi+5y =(3x+5y)+i(5x-3y)
ST =(3x45y)-i(5x-3)

It is given that, Z =—6—24
S(3x+5y)—i(5x—3y)=—6-24i

Equating real and imaginary parts, we obtain

Ix+5y=-6 .. (1)
S5x-3y=24 .. (11)

Multiplying equation (i) by 3 and equation (ii) by 5 and then adding them, we obtain
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Or+15v=—I18
25x—15y=120
34x =102
3
.‘._r:&::i
34

Putting the value of x in equation (i), we obtain

3(3)+5y=—6
—5y=—6-9=—15
— yp=-3

Thus, the values of x and y are 3 and —3 respectively.

Question 15:

I+i 1-i

Find the modulus of 1—i 1+i

Answer :

-

l+i 1-i  (1+i) —(1-1)
=i 1+ (1=i)(1+i)

1P+ 2i-1- 420
I +1°
LY
2

Question 16:

wov

s —+—=4(.r:—y:}
If (x +iy)’ = u + iv, then show that * ¥

Answer :
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(x+ r}'}j =u+iv

=2 (i) +3x i (x i) = usiv
=X Py 4330 =iy
= =iy #3003t =u v

=(x' =307 )+i(3y -y ) =u+iv
On equating real and imaginary parts, we obtain

el 2 3
w=x —3xy,v=3x"y-—y

w v ox =3xn 3xy—y
— : + =

So—t—=
x ¥ x ¥
r{ ¥’ -3 _] }.(3_1(: —y? }
= =+
x v
=x" =3y +3x" =y’
=4x" - 4:.»‘:

= 4[.\‘: — .1«'3}

E 1:4 .
x+_1' (A J]

Hence, proved.

Question 17:

B-w

If a and B are different complex numbers with |‘B | =1, then find I-ap .

Answer :

Leta=a+iband p=x+iy

Bl=1

It is given that,

=x‘4+y =1 A1)
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|I-5_u|=|{x+i}'}—[a+ih}|
1-aB| [1-(a=ib)(x +iy)|
(x-a)+i(y-b) |
- (ax +aiy - ibx + by)|
(x-a)+i(y-b) |

(1—ax —h}-'}+j[hx—ﬂ}']|

B |[x—a]+i{}-'—b}| [
(1-ax—by)+i(bx—ay)|

il

2y

_lal
|‘_"-z|

-y (-by
\/{I—ux —I:r}-'): +[bx—u}'}:
J.\cz +a’ —2ax +vi +b* - 2by

\/'I +a’x* +b’y? = 2ax + 2abxy - 2by + b*x* +a’y’ - 2abxy

B \/(,\'3 +}'3)+a11 +b* = 2ax - 2by
B JI +ai(x'1 + }"‘}+ bi(}'z +x3)—2m¢—2b}'

B J1+a® +b? —2ax — 2by
- Ji+a’ +b? —2ax - 2by

1
_‘B—u
| -p

I:l.JSiI'Ig {I]]

Question 18:

Find the number of non-zero integral solutions of the equation |l a :| =2 .

Answer :
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Thus, 0 is the only integral solution of the given equation. Therefore, the number of non-zero
integral solutions of the given equation is 0

Question 19:

If (a +ib) (c + id) (e + if) (g + ih) = A + iB, then show that

(@ +6)(E +d) (€ +f) (g + )= A"+ B

Answer :

(a+ib)(c+id)(e+if )(g+ih)=A+iB

Na+ib)(c+id)(e+if )(g+ih) =|A +iB|
= |{a+r’h}|>< [c+r’c.|"}|x (e+if) :-c|(g+r}"}}| =|A+:’B| [|:,:;|= :,H:J ]
=@ +b xt +d x\,l'le*:+f: xxfg: I = AT+ B

On squaring both sides, we obtain
@ +5) (@ +d) (€ +1) (& +h)= A+ B’

Hence, proved.
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Question 20:

(|+ i ]“’ -1
Ll , then find the least positive integral value of m.

Answer :

Ly
[EJ =1
1—i

Som =4k, where k is some integer.

Therefore, the least positive integer is 1.

Thus, the least positive integral value of mis 4 (=4 x 1).
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