Chapter-11 Three Dimensional

Miscellaneous

Question 1:

Show that the line joining the origin to the point (2, 1, 1) is perpendicular to the line determined
by the points (3, 5, —1), (4, 3, —1).

Answer :
Let OA be the line joining the origin, O (0, 0, 0), and the point, A (2, 1, 1).
Also, let BC be the line joining the points, B (3, 5, —1) and C (4, 3, —1).

The direction ratios of OA are 2, I,and 1 and of BCare (4 —-3)=1,3—-5)=-2,and (-1 + 1) =
0

OA is perpendicular to BC, if aja, + b1by + cic; =0
caiatbhibytciea=2x1+1 (_2)+ 1 x0=2-2=0

Thus, OA is perpendicular to BC.

Question 2:

If [, my, ny and 1, m,, n, are the direction cosines of two mutually perpendicular lines, show that
the direction cosines of the line perpendicular to both of these are mn, — mony, nil, — naly, [my —
lzml.

Answer :

It is given that /;, m;, n; and [, my, n, are the direction cosines of two mutually perpendicular
lines. Therefore,

L+ mm, +nn, =0 (1)
P am +n =1 -(2)
I +ms+m =1 ~(3)

Let /, m, n be the direction cosines of the line which is perpendicular to the line with direction
cosines /i, my, n; and lp, my, n.
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A+ mm g = 0
I, +mm,+nn, =0

{ m "

Cmn, —myn, ond,—nd, Lm,=1Lm,
I m n

T = = 3

(mp, =mm ) (ndy=mh ) (Lmy=1Lm,)

3

=

3
I~ m n

j‘ 71 = iy = iy
(mn,—mn)  (nd,—nd)  (hm,—Lm,)

3 Fam +n : (4)

- (i m, = mynm, :I: +(nd, —nl, }3 +{{,m, —l,m;)

[, m, n are the direction cosines of the line.
sPrmPni=1...(5

It is known that,

., . ot . . 2
(f’l' +my +n ][e’:' + 3+ n; ] =41, + mm, +nn, ]

"

= {mln: — ., }: +{.=}lf: —nl}']} + [f]m: — L :I:
From (1), (2).and(3), we obtain

- 4

= 1.1-0=(mn, + mn, ]: +ml —nad ) +(hm, —Lm,)

(1,02, — mity }: +(nd, - .'r_,!,:l: + (4, —1,m, }: =] ..(6)

Substituting the values from equations (5) and (6) in equation (4), we obtain

a3 » a

I~ a m- _ n 1

- Bl

(mn, —m:n,}‘ B (m,d, —my, }? (4,m, —1,m,)

={=mn,—mn.m=nl,—nl.n=>Im —ILm,

Thus, the direction cosines of the required line are "2 ~ =" ik = moh, and fym, —Lm,

Question 3:

Find the angle between the lines whose direction ratios are a, b, c and b — ¢,
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c—a,a—b.
Answer :
The angle O between the lines with direction cosines, a, b,cand b — ¢, ¢ — a,

a — b, is given by,

alb—c)+b(c—a)+c(a-b) |

Y —ll el
Jat + b+ + wu'l{b—t']' +[{'—r.r}" +{r:—h}' |
= cos() =1

= (=cos ' 0
— 0 =90°

Thus, the angle between the lines is 90°.

Question 4:

Find the equation of a line parallel to x-axis and passing through the origin.

Answer :

The line parallel to x-axis and passing through the origin is x-axis itself.

Let A be a point on x-axis. Therefore, the coordinates of A are given by (a, 0, 0), where a € R.
Direction ratios of OA are (¢ —0) =4, 0,0

The equation of OA is given by,

x—0 y-0 =z-0

i1 0 {0

_X_y_z
10 0

Thus, the equation of line parallel to x-axis and passing through origin is

xX_ ¥y

I 0

= | M
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Question 5:

If the coordinates of the points A, B, C, D be (1, 2, 3), (4,5, 7), (—4, 3, —6) and (2, 9, 2)
respectively, then find the angle between the lines AB and CD.

Answer :

The coordinates of A, B, C, and D are (1, 2, 3), (4, 5, 7), (-4, 3, —6), and
(2,9, 2) respectively.

The direction ratios of ABare (4—1)=3,(5—-2)=3,and (7 —3)=4

The direction ratios of CD are (2 —(—4)) =6, (9 —3) =6, and (2 —(—6)) =8

a

1
.2
It can be seen that, = 2 & 2

Therefore, AB is parallel to CD.

Thus, the angle between AB and CD is either 0° or 180°.

Question 6:

x—1 y-2 z-3 x=1_ y-1_ =z-6
If the lines —3 2k 2 and 3k ] =5 are perpendicular, find the value of k.
Answer :
x=1_ y=-2 z-3 x=1_ y-1_ z-6
The direction of ratios of the lines, —3 2k 2 and 3k I -5 are 3,2k, 2

and 3k, 1, =5 respectively.

It is known that two lines with direction ratios, ai, by, ¢; and ay, by, c,, are perpendicular, if a;a;
+ b1b2 + C1Cy = 0

3(3k)+ 2k x14+2(~5)=0
=5 9k + 2k ~10=0
= Tk =-10

:5”{(:__'{]
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k=-10

Therefore, for T, the given lines are perpendicular to each other.

Question 7:

Find the vector equation of the plane passing through (1, 2, 3) and perpendicular to the plane
Fe(i+2j-5k)+9=0

Answer :

= _ 2 4% »
The position vector of the point (1, 2, 3)is "1 ' +2)+3k

f-[f+2j—5§)+l}:ﬂ

The direction ratios of the normal to the plane, ,are 1, 2, and —5 and the

normal vector is ¥ =1 +2Jj—5k

The equation of a line passing through a point and perpendicular to the given plane is given by,
[ =F+AN,AeR

=;>|"_={r7+2_;+3£f]+i{f+l_?—5.ﬂf]

Question 8:

Foli+j+k)=2
Find the equation of the plane passing through (a, b, ¢) and parallel to the plane ( / J

Answer :

Re(i+iek)=2

Any plane parallel to the plane, , 1s of the form

r'-[.r7+j+§]=£ (1)

The plane passes through the point (a, b, ¢). Therefore, the position vector ¥ of this point is

F=ai +bj +ck

Therefore, equation (1) becomes
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[f-.h":-'-.I'l?F"'{-'.l’l{"]‘(f-Fl;l-l-k"] =A

= athb+c=A

Substituting A=a+tb+tcip equation (1), we obtain

[ ]
—

F-(f+j+§2)=u+b+c: .|
This is the vector equation of the required plane.

Substituting = % T 37+ 2K i equation (2), we obtain

[xf+;|;}+ :ﬁ]-(f+}+!§):a+b+c

= x+yv+z=at+b+c

Question 9:

. . _ F=6i+2j+2k+A(i-2j+2k)
Find the shortest distance between lines - /

7 =—4F—£+;a{3f—:j—2£)_

Answer :

The given lines are

F:ﬁ:‘+2_}+z£+z(f—z_}+2§] (1)

F:—4E—§+;1(3E—2j—2§) -(2)

It is known that the shortest distance between two lines, F=a+Aab and " =97 Ab, , 1s given
by

(b,xb.)-(a,~a,)

LA -(3)
x| |

d =

‘=d,+Ab, and ¥ =a, + Ab,

Comparing ' to equations (1) and (2), we obtain
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II':_JII
by=i-2j+2k
G, =—4i —k

b, =3i-2j-2k

— b x b, = “2 2 |=(444)i-(-2-6)j+(-2+6)k =8 +8j +4k

1
3 -2 =2

’

“[Bx By = J(8) +(8) +(4) =1

I

[5, " ﬁz}r[f:: ~a,) :[EF +3j+4f5)~(—|nf—__}'—3§): ~80-16-12=-108
Substituting all the values in equation (1), we obtain

ﬂlz‘ﬂ‘zu
12

Therefore, the shortest distance between the two given lines is 9 units

Question 10:

Find the coordinates of the point where the line through (5, 1, 6) and
(3,4, 1) crosses the YZ-plane

Answer :

It is known that the equation of the line passing through the points, (x1, y1, z1) and (x2, y2, 22), 1s
X-x, _¥v-V -z

=X M—MW 5L

The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,

www.kulbhushan.freevar.com



x=5 y-1 z-6
3-5 4-1 1-6
. l'q y -
X2 ) L_z 5=.n-’f{su},-']
-2 3 -5 '
= x=5-2k, y=3k+1, z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).
The equation of YZ-plane is x =0
Since the line passes through YZ-plane,

5-2k=0

=k =

o | L

:>3k+1:3x§+|:”

65k = 6—5x =13
2 2

Therefore, the required point is * 2

Question 11:

Find the coordinates of the point where the line through (5, 1, 6) and
(3,4, 1) crosses the ZX — plane.

Answer :

It is known that the equation of the line passing through the points, (xi, y1, z1) and (x2, 12, 22), 1S
X=X _y=V _ z-z

XL—X W»—-W I5—Z

The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,
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x=5 y-1 z-6
3-5 4-1 1-6
5 \ -
2 L_: ﬁ=k{su}=}
-2 3 -5
= x=5-2k, v=3k+1, z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Since the line passes through ZX-plane,

3k+1=0
:>k:—|—
3
1y 1
:::-5—2&—5—2(——)=—
33
f)—Sk:()—S[—l]:E
3

(17 23]

— 0=
Therefore, the required point is L 3 3.

Question 11:

Find the coordinates of the point where the line through (5, 1, 6) and
(3,4, 1) crosses the ZX — plane.

Answer :

It is known that the equation of the line passing through the points, (xi, y1, z1) and (x2, 12, 22), 1S
X=X _y=V _ z-z

N5 VM—Wh &%

The line passing through the points, (5, 1, 6) and (3, 4, 1), is given by,
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x=5 y-1 z-6
3-5 4-1 1-6
5 \ -
2 L_: ﬁ=k{su}=}
-2 3 -5
= x=5-2k, v=3k+1, z=6-5k

Any point on the line is of the form (5 — 2k, 3k + 1, 6 —5k).

Since the line passes through ZX-plane,

3k+1=0
:>k:—|—
3
1y 1
:::-5—2&—5—2(——)=—
33
f)—Sk:()—S[—l]:E
3

(17 23]

— 0=
Therefore, the required point is L 3 3.

Question 14:

If the points (1, 1, p) and (=3, 0, 1) be equidistant from the plane
find the value of p.

Answer :
The position vector through the point (1, 1, p) is a =i+ j+pk
Similarly, the position vector through the point (=3, 0, 1) is

G, = —4i +k

_ _ F(3i+aj-12k)+13=0
The equation of the given plane is ' :
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It is known that the perpendicular distance between a point whose position vector is @ and the

a-N-d
D=
N

F-N=d

plane, “+1s given by,

Here, V =31 +4j =12k 44 g=-13

Therefore, the distance between the point (1, 1, p) and the given plane is

{f+_;+ pE]-(3f7+4_?—]2£]+13‘

D = L
37 +4] -124
=D = |r3+4—|2p+|3|1
VI 4 (-12)
20-12
= 0= ()

Similarly, the distance between the point (=3, 0, 1) and the given plane is

|(—31:+IE:]-(3§+4_}—]2£:}+13‘

D, = I
‘3;‘+4_;‘—12k
|—*)—12+l3
=D, = -
J3 4+ (-12)
~D, =2 -(2)

13

It is given that the distance between the required plane and the points, (1, 1, p) and (=3, 0, 1), is
equal.

o Dl = D2

- |2EI—IZ;J| _ 8
13 13

=20-12p=8or —(20-12p)=8
—12p=12or 12p =28

7
= p=1lor p=§
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Question 15:

Find the equation of the plane passing through the line of intersection of the planes

Fli+j+k)=1  F-(2i+3j-k|+4=0
[ / } and [ / J and parallel to x-axis.
Answer :

The given planes are

The equation of any plane passing through the line of intersection of these planes is

Fo(P+ 7+ R)=1]+a] 7 (20 43]-k)+4]=0
FL2A+1)i+(32+1)j+(1-2)k |+(42+1)=0 (1)
Its direction ratios are (2A + 1), (3A + 1), and (1 — &).

The required plane is parallel to x-axis. Therefore, its normal is perpendicular to x-axis.

The direction ratios of x-axis are 1, 0, and 0.

A 1L(2A41)+0(34+1)+0(1-2) =0

= 24+1=0
. 1
= A=—=
2
. I
A=—
Substituting 2 in equation (1), we obtain
:‘-,, -
—T | |:—Ef+5rq.' —{—3]_{'

Therefore, its Cartesian equationisy —3z+ 6 =0
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This is the equation of the required plane.

Question 16:

If O be the origin and the coordinates of P be (1, 2, —3), then find the equation of the plane
passing through P and perpendicular to OP.

Answer :

The coordinates of the points, O and P, are (0, 0, 0) and (1, 2, —3) respectively.
Therefore, the direction ratios of OP are (1 —0)=1,(2—-0)=2,and (-3 —0)=-3
It is known that the equation of the plane passing through the point (x;, y; z1) 1s

a(x—x) +h{): ~h)telz—z)= uwhere, a, b, and c are the direction ratios of normal.

Here, the direction ratios of normal are 1, 2, and —3 and the point P is (1, 2, —3).

Thus, the equation of the required plane is

|[.r—|}+2{_v—2}—3[:+3} =)
= x+2y-3z-14=0

Question 17:

Find the equation of the plane which contains the line of intersection of the planes

F-[E+:j+3£)—4:u r—-(z?+j-£§]+5_u o _
‘ , and which is perpendicular to the plane

Fo(5i+3]-6k)+8=0
Answer :

The equations of the given planes are

Fo(i+2]+3k)-4=0 (1)

;"'-(25+_,F'—JE:}+S:D -(2)
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The equation of the plane passing through the line intersection of the plane given in equation (1)
and equation (2) is

[f-[F+2j+3£}—4}+4[f—{25+_}—£)+5} 0

Fo[(2A+1)i +(2+2) j+(3-A)k | +(54-4)=0 .(3)

F-(ﬁf+3_}'—ﬁ!§]+8= 0

The plane in equation (3) is perpendicular to the plane,

. 5(24+1)+3(A+2)-6(3-1)=0

= 194-7=0
. 1
= Ai=—
19
7
Substituting 19 in equation (3), we obtain

;_._[Nf 45 5 sné}—ail =0

+ +
19 19 J 19 119
= 7+(33] +45]+50k )= 41=0 —(4)

This is the vector equation of the required plane.

The Cartesian equation of this plane can be obtained by substituting " =~ Xi+ ) +zk

3).

in equation

(xf -y :JE]-[ZEB:
= 33x+45y+50z-41=0

H457+50k)-41=0

Question 18:

Find the distance of the point (—1, —5, —10) from the point of intersection of the line
F(i-j+k)=5

;-'::f—j+:f£+4(3£+4_}'+2£) e
and the plane

Answer :

The equation of the given line is
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Fo=2i - j+2k+2(3 + 4] +2k) (1)
The equation of the given plane is

,{;—;4_3;} =3

—_—
[
e

Substituting the value of 7 from equation (1) in equation (2), we obtain

[zf—_hzf+ﬁ(3f+4}+3#§]](f—_f+§]=5
=[(32+2) +(44-1)j+(22+2)k]|-(i- j+k)=5

= (34+2)—(44-1)+(24+2)=5

= A=
Substituting this value in equation (1), we obtain the equation of the line as
F=2i—j+2k

This means that the position vector of the point of intersection of the line and the plane is
F=2i—j+2k

This shows that the point of intersection of the given line and plane is given by the coordinates,
(2,1, 2). The point is (—1, =5, —10).

The distance d between the points, (2, —1, 2) and (-1, =5, —10), is

d=\(=1-2) +(-5+1)" +(-10-2)" =O+16+144 =169 =13

Question 19:

Find the vector equation of the line passing through (1, 2, 3) and parallel to the planes
F=(i-j+2k)=5  F-(3i+j+k)=6
[ ' ) and ( / ) .

Answer :

Let the required line be parallel to vector b given by,
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b=bi+bh,j+bk

The position vector of the point (1, 2, 3)is @ =/ +2/+3k

The equation of line passing through (1, 2, 3) and parallel to b is given by,

F=a+Ab
= F({+2]+3k)+ A(bi +b,] + k) (1)

The equations of the given planes are

Fe(i—j+2k)=5 -(2)

;-'-(3E+_}'+;E)=5 -(3)

The line in equation (1) and plane in equation (2) are parallel. Therefore, the normal to the plane
of equation (2) and the given line are perpendicular.

—>['E—_}'+zé‘)-.a(h,fvh:_}Jrh_,i): 0
= A(b, b, +2b,)=0
= b —bh, +2h =0 ~(4)

Similarly, (3 + j+) 2(b +b,7+bk)=0
= A(3b, +b,+b,)=0
= 3b, 4 b, + b, =0 ()

From equations (4) and (5), we obtain

b b, b,

(C)x1-1x2 2x3-1x1 1x1-3(-1)

b b b
3750

4

Therefore, the direction ratios of b are =3, 5, and 4.

cb=hi+b,j+bk==3+5]+4k
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Substituting the value of b in equation (1), we obtain
F:[f+2j+3£}+Aﬁaf+sj+4§]

This is the equation of the required line.

Question 20:
Find the vector equation of the line passing through the point (1, 2, — 4) and perpendicular to the
x-8 y+19 =z-10 x=15 y-29 =z-5
== = and = =
two lines: 3 —-16 7 3 8 =5

Answer :

Let the required line be parallel to the vector b given by, S Ahb ik

The position vector of the point (1, 2, —4) is @ =1 +2/— 4k

The equation of the line passing through (1, 2, —4) and parallel to vector b is

=i+ Ab
:.»r-(h3_}—4£]+/:[r;,fm:_hb,;é) (1)

=l

The equations of the lines are

x—8 yp+19 =z-10

3 -6 7 +(2)

x-15 y-29 z-5

3 == .(3)

Line (1) and line (2) are perpendicular to each other.
.lr F'hl _Iﬁ‘-li:lj-l'?h{ =u ---{4}
Also, line (1) and line (3) are perpendicular to each other.

2.3b, +8b,-5b, =0 6]}
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From equations (4) and (5), we obtain

Iﬁl _ I'I'J_. _ h."‘-
(-16)(-3)-8x7 7x3-3(-5) 3x8-3(-16)
b b b
4 _ % _ Y%
24 36 72
b_b_b
2 3 6

~Direction ratios of # are 2,3, and 6.

nb =20 +3]+6k

Substituting b=20+3]+6k i equation (1), we obtain
F= f+2_}'—4ﬂ+£{25+3_;+6.ﬂ

This is the equation of the required line.

Question 21:
Prove that if a plane has the intercepts a, b, ¢ and is at a distance of P units from the origin, then

1 1 | 1

y ~»

» -

a b ¢ p°

Answer :
The equation of a plane having intercepts a, b, ¢ with x, y, and z axes respectively is given by,

x v =
—h == ol 1
a b ¢ {]

The distance (p) of the plane from the origin is given by,
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p= b ¢
PR Y
\/ NNE s ]J
a,) \b X4
N S
I|| 1 1 I ]
Na? B ¢°
- ]
= T =
P=T 1
e —+
a b
1 1 1 |
= — = — o+ — 4
peoa b e

Question 22:
Distance between the two planes: 2% *3¥ T4z =4 gpq 4x+6y+8z =125
(A)2 units (B)4 units (C)8 units
2 .
SR
Answer :

The equations of the planes are
2x+3y+4z=4 (1)
dx+6y+8z=12

= 2x+3y+4z = w(2)

It can be seen that the given planes are parallel.

It is known that the distance between two parallel planes, ax + by + cz =d, and ax + by + cz = d>,
is given by,
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d,—d
o NI -H'}: iI—nt':
= D= P 6_41 -
V2P +(3) +(4)
D=

b | b
W0

2
Thus, the distance between the lines is ¥ 29 units.

Hence, the correct answer is D.

Question 23:
The planes: 2x —y+4z =5 and 5x — 2.5y + 10z = 6 are

(A) Perpendicular (B) Parallel (C) intersect y-axis

{
0,0.>

(C) passes through *

Answer :

The equations of the planes are
2x—y+4z=5...(1)
5x=25y+10z=6... (2)

It can be seen that,

a 2
w5

b -1 2
b, -25 5
c 4 2
e, 105
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&
£y

Therefore, the given planes are parallel.

Hence, the correct answer is B.
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